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We send this as a sample of Part Third, or the ad- 
vanced course of Prof. Olney's "Special or Elementary 
Geometry." This book will be bound up with Parts First 
and Second, under the title of Olney's Elements of Geome- 
try and Trigonometry — -University Edition. 

SHELDON & COMPANY, 

New York. 
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PART III. 

AN ADVANCED COURSE 
IN GEOMETRY. 

OHAPTER I, 

EXERCISES ly^ GEOMETRICAL IKFEKTIOX^. 

SECTION I. 
THEOREMS IN SPECIAL OR BLBMENTARy GEOMETRY. 

^2S. This chapter will aiford a review of Parts I. and 11., while 
it will greatly extend the student's knowledge of geometrical foots. 
Great pains should be taken to secnre good habits as to neiitness of 
execution in the construction of figures, orderly and proper arrange- 
ment of thought, and in style of expression. The practice of con- 
structing every figure upon geometrical principles — gnessing at 
nothing — cannot be too strongly commended. As to the forin of a 
geometrical argument, observe the following order: 

Ist. The enunciation of the theorem or problem in general terms. 

2d. The elucidation of the general statement, by reference to the 
particular figure which it is proposed to use. 

3d. A deseriptiott of the figure, with reference to any auxiliary 
construction which is used in the demonstration or solution. 

4th, The demonstration proper. 

G%^. If two adjacent sides of a quadrilateral are equal each to 
each, and the other two adjacent sides equal each to each, the diago- 
nals intersect at right angles. 

Sue's. — iBf. Draw a qiiaclulaleral having inch sides as (he data require, and 
draw its diagonals. 2d bt,\ti, ilic piuposition witli I'eference to Uie figure. 
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EXERCISES IN GEOMETRICAL INVENTION. 



8d. [Tii this case tlie regular third step is not required, as no auxiliary lines are 
necessary,] 4th. Prove that the diagonals are at right angles to eacli otlier. 
The demonstratioa is based upon a corollary in Section L, Part II., Chapter I. 



633- COK. — One of the diagonals is hiseded. [State which one, 
and show why.] 



626. If a parallelogram has one oblique angle, all its angles are 
oblique ; and if it has one right angle, all its angles are right angles. 

Sua's.— Let the student be careful to follow the order as heretofore given. 
No auxiliary consiruclioa is needed. The demonstration is based upon the 
doctrine of parallels. 



627. The sum of tliree straight lines drawn from any point 
within a triangle to the vertiees is less than the sum, and greater 
than the half sum of the three sides of the triangle. 

Sue's.— The first statement is proved fl-om (37C) and tlie second from {374) 



628. A line drawn from any angle of a triangle to the middle 
of the opposite side, is less than the half sum of the 
adjacent sides, and greater than the difference between 
this half sum and half the third side. 

Bog's.— Ist. Draw a triangle, as ABC, bisect one side, as AC, 
and draw BD. 2il. Make the statement willi reference to tbe 
fignre. 3d. Produce BD until DE = BD, and draw AE and EC. 
4lli. Thefirst step in the proof is to show the triangle ADE equal 
to CBD, and ADB equal to DCE ; whence AE = BC, and EC = A8. 

629. If lines be drawn from the extremities of 
either of the oblique sides of a trapezoid to the middle 
of the opposite side, the triangle thus formed 
is half the trapezoid. 

StiG's. — The third step, or construction, consists in 
drawing HE parallel to AD and hence to BC (?), and 
FC through E parallel to AB. 



630- Any lino drawn through the centre 
parallelogram bisects the figure. 



f the diagonal of a 
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theohems in special geometey. 



631. ProYe that the sum of the angles of a 
triangle is two right angles, by producing two 
of the sides about an angle and through this 
angle drawing a line parallel to the third side. 

Prove the same by producing one side of the 
triangle and drawing a line through the ex- 
terior angle parallel to tlie noli-afljacent side. 

632. If any point, not the centre, he taken 
in a diameter of a circle, of all tlie chords 
which can pass through tliat point, that one is 
the least which is at right angles to the diameter. 




633. If from any point there extend two lines tangent to a cir- 
cumference, the angle contained by the tangents is double the angle 
contained by the Hne joining the points of tangency and the radius 
extending to one of them, 

634l. The angle included by two lines drawn from any angle of a 
triangle, the one bisecting the angle and the 
other perpendicnlar to the opposite Bide, is 
half the difference of the other two angles 
of the triangle. 

SuG'a. ABD — 90° — A. whence ABD — EBD = 
90° - A - EBD. Also, DBC = eO" - C, whence EBC = 00° - 
= 90° - A - EBD, em. 

633. If three lines be drawn from the acute angles 
angled triangle — two bisecting these angles, 
and a third a perpendicular to one of the 
bisecting lines — the triangle included by 
these lines will be 




636, If one circumference he described ^^^ .^^ 

on the radius of another as a diameter, 

any straight line extending from their point of contact to the outer 
circumference is bisected by the inner. 

SuG.— The demonstration Is based upon (159, 211). 
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246 EXEECisEa in geometeicat. invention. 

637- Prove that the sum of the angles of a regular five point 
star (Pig. 101) is two right angles. Show, also, that the figure 
formed by the intercepted portions of the lines is a regular 
pentagon. 

ass. If the sides of a regnlar liexagon are produced till they 
meet, show that tlie exterior figures will be equilateral triangles. 

p' G39. If from two given points on the same 

side of a given line, two lines be drawn meet- 
ing in the line, their sum is least when tJiey 
make equal angles with the line. 

G40- If from two given points without a 
circumference, two lines be drawn meeting in the circumference, 
their sum is least when they make equal angles with a tangent at 
the common point. 

G41. The sitte of an equilateral triangle inscribed in a circle ia 
equal to the diagonal of a rhombus, whose other diagonal and each 
of whose sides are et^ual to the radius. 

642- If two circumferences intersect each other, and from either 
point of intersection a diameter be drawn in each, the other ex- 
tremities of these diameters and the other point of intersection are 
in the same straight line. 

6d3. If any straight line joining two parallels he bisected, anv 
other line through the point of bisection and included by the pai- 
allels, is bisected at the same point. 

644. If the sides of any quadrilateral are bisected, the quadn 
lateral formed by joining the adjacent points ot bi&ection is a pai- 
allelogmm. 

Sug'b.— lat. Draw a quadnla'eril bisect ita 
sides, and Join the adjacent piiiuts of bisection 
Sd, State tlie pioposition, with refuence to llie 
figure. 3d. Draw tiie diagonals 4tli Give the 
proof. It is based on the similanty of triangles 

fids. Cor 1 — The pualklogram is one- 
half the trapezium Prove it What figun, 
is formed by ^oinmg the centres of EF, FG, 
and FC, HC, etc. ? 
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THEOREMS IN SPECUL GEOMETRt. 




640. CoE. 3. — Lines joining the middle points of the opposite 
sides of any trapezium bisect each other (?). 



647- If two straight linos join the alternate ends of two 
the line joining their centres is half the dif- 
ference of tile parallels- 
Sue's.— We are to prove that EF = J (CD — AB). 
CH = EF=. i(CD - AB). 



GdS. In any right-angled triangle the line drawn from the right 
angle to the middle of the hypotenuse is equal to one-half the 
hypotenuse. 

649. The perpendiculars which hisect the three sides of a triangle 
meet in a common point. 

StiG's.— First show that the intereectioB of two of the perpendiculars is 
equally distant from the three vertices of the triangle. Then that a line 
drawn troia this point to tlie middle of the third side is perpendicular to it. 



630- The three perpendiculars drawn from the angles of a tri- 
angle upon the opposite sides intersect 
in a common point. 

Stjo'e. — Draw through the vertices of the ''• 

triangle lines parallel to the opposite sides. 
The proposition may then be brought under 
the preceding. 

63 !■ CoE. — The following triangles 
are similar — viz., BOE, BDC, AOD. aud 
AEC, each to each ; also BOF, BDA, DOC, 
and CFA. Prove it. 



652. If from a point without a circle two secants he drawn, mak- 
ing equal angles with a third secant passing through the centre of 
the circle, the intercepted chords of the first two are equaL 



Sue. — Prove hy revolving one part of the fli^ui 
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EXEEOISES IN OEOMETEICAL INVENTION. 



653. The sam of the alternate angles of awy hexagon inscribed 
in a circle is four right angles. 




654. If two circles intersect in A and B, 
and from P, any point in one circumference, 
the chords PA and PB be drawn to cut the 
other in c and d, CD is parallel to a tangent 
at P. 

G5o. If two lines intersect, two lines 
which bisect the opposite angles are per- 
pendicular to each other. 

656. The angle included by two lines drawn from a point within 
a triangle to the vertices of two of tlie angles, is greater than the third 
angle. 

Suo's.— The deraonstratioa may be founded oa (219) or (231). 

637' In a triangle whose angles are 90°, 60°, and 30°, show that 
tlie longest side is twice the shortest. 

658. Lines which bisect the adjacent angles of a parallelogram 
are mutually perpendicular. 

65&- If from any point in the base of an isosceles triangle lines 
are drawn parallel to the sides, a parallelogram is formed whose peri- 
meter is constant and equal to the sum of tlie two equal sides of the 
triangle. 



GGO. If from any point in the base of a 
triangle perpendiculars be drawn to the sides of the 
triangle, their sum is constant and equal to the per- 
pendicular from one of the equal angles of the ti'iangle 
upon the opposite side. 



. 661. If from any point within an equilateral tri- 
angle, three perpendiculars be let fall upon the sides, 
their sum is constant and equal to the altitude of the 
triangle. 
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THEOREMS IN SPECIAL GEOMETRY. 

662. If from a fixed point without a circle two 
tangents be drawn terminating in the circumfer- 
ence, the triangle formed by tliem and any tan- 
gent to the included arc has a constant perimeter 
equal to the sum of the first two tangents. 



663- The sum of two opposite sides of a quadrilateral elrc 
scribed about a circle, is equal to the sum of the other two. 



66d. If two opposite angles of a quadrilateral are supplemen- 
tary, it may be circumscribed by a circumference. 



66&- The square described on the sum of two 
lines is equivalent to the sum of the squares on 
the lines, plus twicie the rectangle of the lines. 



tg's.— Be careful 
V that tLe parts ttn 



6G6. The square described on the difference of 
two lines is equivalent to the sura of the squares 
on the lines, minus twice the rectangle of '^'"" 
lines. 



GG7. The rectangle of the sum and difference 
of two lines is equivalent to the difference of tlie 
squares described on the lines. 

8cH.— The three prececling propositions are but geo- 
metrical conceptions and demonsti'atiims of the algebraic 
formidm, {a + bf = ix= + 3ii6 + *', (d — bf = a' ~ 2ah 
+ b\ and (a + 6) {» - t) = o» - V, 
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250 EXERCISES IN GEOMETBICAL INTENTIOH. 

YAEIOUS DEMONSTRATIONS OP THE PYTHAGOEEAS PROPOSITIOS. 
6&8. The square cleseribGd on the hypotenuse of a right-angled 
triangle is equivalent to the sum of the squares 
described on the other two sides. 



1st Method. — Let ABC be the given triangle, and 
ACED Uie square described on the hypotenuse. Complete 
the construction. Sliow timt the four triangles are equal. 
The square HF is (AB - BC)', The student can complele 
the tlcmonstratioii. 



2d Method. — Let ACED he the square on the 
hypotenuse. Let fall tlio ])eipendiculars EF, DC, 
etc. Show that the three tjiangles are equal, and 
that FD and LB are the squares of the two sides AB 
aud BC. 



3d Method.— Let BL and BH be tJie 
squares on tlie sides. Proiliice FL and 
HC lilt they meet in K. Draw DA and EC 
perpendicular to AC, and draw OE and 
KB. Prove tlial ACED is a square, a,rid also 
tliat the triangles ABC, CLE, BFK, KBC, 
DKE, and AHD are ail equal to each otlier, 
The dcDioDstradoa is then readily made. 



4th Method.— This is the demonstration 
usually given in our test-boolis. Drawing the 
squares on the three sides, let fall Bl perpen- 
dicular to AC and produce it to K. Draw BD, 
BE, HC and AF. Siiow that the lilangle HAC 
= BAD, and that the former is half the square 
AG, and the latter half tlie rectangle AK. 
Hence AG = AK. In like manner show that 
LC = CK. 




,yGoo»^lc 



THEOREMS IN SPECIAL GEOMETRS, 




81h Method. — The truth of the theorem appears also 
as a direct consequence of (360). k'— 



669. In an oblique angled triangle the square 
of a side opposite an acute angle is equivalent to the sum of the 
equaros of the other two sides diminished by twice the rectangle of 
the base, and the distance from the acute angle to the foot of the 
perpendicular let fall upon the base from the angle opposite, 

Sdg's,— It is to be shown that AB' = "bC' + AC' - 2AC x DC. ^ 

Obsei-ve that AD' = (AC - DO" = AC" + DC' - 2AC x DC. A. 

Whence, by a simple application of the preceding liieorem, /^ ; \ 

tiie truth of this becomes apparent ^- —-"^ 



670. In an obtuse angled triangle the square of the side opposite 
the obtuse angle is equivalent to the sum of the squares on the otlier 
two sides, increased by twice the rectangle contained by the base and 
the distance from the obtuse angle to ihe foot of the perpendicular 
let fall from the angle opposite upon the base produced. 



Sdo.- 



,', C being made obtuse 
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I GEOMETRICAL INVENTION. 



Gtl. The following is an outline of a general demonstration cov- 
ering the three preceding propositions : 

Letting AE, BD, and CF be the three perpendiculars flwin 
the angles upon llio oppoaile sides, and obserTinf; tliat a 
clrcuuiference described on any side as a diameter passes 
tlirough tlio feet of two of tlie perpendieulai's, {356) and 
{333) readily giye the following ; 




AB X AF = 
and AB X BF = 



AC X AD = AC ± AC 
BC' ± BC 



CD, 



adding, AB' = AC + BC ± 3AC x CD (or 3BC k CE), 
the + sign being talteu wliun C is obtuse, and the — sign 
!. If C is right CE and CD become 0, whence AB" = AC' + BC'. 



672. Dep. — The line drawn from any angle of a triangle to the 
middle of the opposite sifle is called a medial line. 

073, The sum of the squares of any two aides of a triangle is 
equivalent to twice the square of the medial line drawn from their 
included angle, plus twice the square of half the third side. 

SUG.— Proved by applying (66,9, 670). 

674, The three medial lines of a triangle mutually trisect each 
other, and hence intersect in a common point. 

Stio's.— To prove that OE - ^BE, draw FC parallel to 
AD until it meela BE produced. Tlieu !he triangles 
AEO and FEC are equal (?); whence EF = OE. Also, 
BO = OF (?). 

ir construe- 
Finally, we may show that the raedialline from C to AB cutsotrj of BE, and 
hence cuts BE at the sftme point as does AD- 

Anothbr Dbm.— Lines through parallel to the sides trisect the sides, etc 

G75, In any quadrilateral the sum of the squares of the sides is 
equivalent to the sum of the squares of the diagon- 
als, plus four times the equai-e of the line joining the 
centres of the d' 





fi76- COH.— The sum of the squares of the sides 
of a parallelogram is equivalent to the sum of tlie 
squares of tlie diagonals. 
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THEOliEMS IN SPECIAL GEOMETRY, 253 

Gt7. In any quadrilatp,ral which may be inscribed in a circle, 
the product of the diagonals is eqtial to the sum of the products of 
the opposite sides. 

6t8. In any triangle the rectangle of two sides is equivalent to 
the rectangle of the perpendicular let fall from their 
included angle upon the third side, into the diameter 
of the cirbamscribed circle. 

Suo. — This proposition is an immediats consequence of Uie 
similarity cif two triangles In the figure. 

67.9. Cor. — The area of a triangle is equivalent to the product 
of its sides divided by twice the diameter of the circumscribed circle. 

G80. If there be an isosceles and an equilateral triangle on the 
same base, and if the vertex of the inner triangle is equally dis- 
tant from the vertex of the outer one and from the ends of the base, 
then, according as the isosceles triangle is the inuer or the outer 
one, its base angle will be J of, or 2J times tlie vertical angle. 

681. Of all triangles on the same base, and having their vertices 
in the saine line parallel to the base, the isosceles has the greatest 
vertical angle. 

Bug's. — Cireumsciibe a circle about the isosceles trianjcle. By wliat is the 
vei'lical angle measured when tLe triangle is isoaceles? By what, when it is 



683. Two triangles are similar, when two sides of one are pro- 
portional to two sides of the other, and the angle opposite to that 
side which is equal to or greater than the other given side in one, is 
equal to the homologous angle in the other. 



ALGEBRAIC DEM0NSTRATI0S8. 
683. The difference of the squares on any side of a regular 
pentagon and any side of regular decagon, inscribed in the same 
circle, is equivalent to the square of the radius. 

Sue's.— We will give the OHtline of what may he termed an A'^ehraic Demnn- 
slraiion of this proposition. This method is often the ir 
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254 EXEEOISES DJ GEOMETRICAL INVENTION. 

peditioua. Letting p represent a side of the pentagon, d a side of the decagon, 
and r tlie radius, the student sliould be alile to diacoTer tlie following roiatiocs : 

(1) r : d :: d : r - d, or r' ~ dr = a^ ; 

(^) '/d" — ip^ + v'r' — ip' = '■■ 
From (3), ^Vr' — \p' = 2r' — d' = t^ + dr, by subslituting for (P its Taliic 
ft'om{l). Hence 4)-' — p'' = r' +■ 2iir + d'.oi-S)'' •~2dr=pl + d^. In tliis, 
substituting tlie value of dr as found in (1), we J'eadily obtain r' — p' — d\ 



084. Demonstrate algehraicalhj that the square on the sum of 
two lines, together with the square on the difference, is dottble the 
sum of the squares on the linea separately. 



685- The sum of the squares of the three medial lines of a tri- 
angle is three-fourths of the sum of the squares of the sides. 



GSa. The square of any side of a triangle is equivalent to twice 
the sum of the squares of the segments of the medial lines adjacent 
to its extremities, minus the square of the nou-adji*eent segment of 
the thii-d medial line. 

Deduced algebraically from the preceding. 



6*87. The sum of the squares of the three greater segments of 
the medial lines of a triangle is equivalent to one-third tiie sum of 
the squai-es of the sides of a triangle. 

Deduced algebiaically from the preceding. 



(i88. Tlie lines from the vertices of a triangle to the points of 
tangency of the inscribed circle intersect in a common point. 

SuG'a. DC ia parallel to AF, ED ^ BF ^ b, CF - CP 
^ c, AD = AP = «. DC = d. fQ=. e. OF = ^-. 
^^f^l^.^^. .-.OF = AF. 



a(b + c) + bo 
In like manner we may find where PB intersects AF, by 
drawing through p a. parallel to AF. This distance is 

F!Q. 383. OF = AF X — ,T— ^^r ^, a result which 

a (6 + e) + fc 
might liave been anticipated, since J and e ai'e similarly involved. 
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TBEOBEMS TS SPECIAL QEOMETBY. 



G89. The area of a triangle, ag expressed in terms of its sides, is 
Area = the square root of the continued product of half the sum of 
the sides into this half sum minus each side separately. 



Sdg's,— Wc will give the outlines of bolh the Geometric and Algebraic de- 
monatratious : 

Ist. Geometric Demonstration. CD — CB, CE = CA, and Ihrougli F, ilie 
centre of DA, HG is drawn parallel to AB. With F as a centre, 
and FH as a mdins, a circumference passes tlu'ougk C (?). CN 
is perpendicular to AE and passes tluough H (?). 

Now CF = i (AC + CB), and FL = i^B (.-). 
Hence CL = i(AC + CB + AB) = JS, S heing tlie sum of 




Fia. 3( 



Hence, also, DL - Al ^ ^S -CB, CI ^ iS - AB, and AL = JS 
-AC. 

Again. CN x AN = area ACE; 

and HN x AN = area ABE; 

Bublracting, AN (CN - HN) = AN x CH = area ACB (1>. 

Once more, CH x DH = area CDB; 

and HN X DH ^ area ADB. 

Adding, DH (CH + HN) = GA x CN = axea ACB (3). 

Multiplying (1) and (3), we have 

CA X AN X CH X CN = (area AC 8)=. 

But CN X CH = CL X CI, and CA x AN - AL x A! - AL x DL. 

Therefore, area ACB =-/CL x CI x AL x DL = 

V^STiS - AB) (iS - AC) {iS - CB). 

3d. Algebraic Demonstkation. From the right angled triangles BCD and 
ACD, we find m = " ~ "*" ' . 



Wheacep = y «' — (- — J— £-\ , 

area ABC = 1 1/7- (^-^X 



2,iV - b' +2bV - e 



= ^A<i + 6 + cH'i + h- c)ta, 
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ibb EXERCISES IN GEOMETRICAL INVENTION. 

O&O- From any point in the plane of a circle the greatest and 
least distances to tlie circumference are measured on 
the line passing through the centre. 



Sug's.— There are three cases :— Isl. Wlien the point is wifh- 
out tlie circle. 3d. When the point ia within, 3d, When tlie 
point is in the circumference. 



691- From any point except the centre of a circle, 
two, and only two, equal lines can he drawn to tlie cir- 
cumference. 

Stio. — Tl)i3 is a direct consequence of (JSi, ISH). 



002- If two opposite sides of a parallelogram he bisected, straight 
lines from the points of bisection to the opposite vertices will trisect 
the diagonal 

693. The feet of two perpendiculars let fall from two given points- 
upon a given line are equally distant from the middle of the line 
joining tlie points. 

694. Tvjo quadrilaterals are equivalent when 
their diagonals are respectively equal, and form 
equal angles. 



693. If, on the hypotennse and aides of a right 
angled triangle, aemicircumferences he described, 
that upon the hypotenuse passing through the ver- 
tex, the stini of the crescents thus formed will be 
equal to the area of the triangle. 
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G96. The bisectors of 
any two exterior angles 
of a triangle meet in a 
point which is the centre 
of a circle, to which one 
side of the triangle and 
the other two produced 
are tangents. 

These circles are called 
the escribed circles. 




THE NINE POINTS CIRCLE. 
697. In any triangle the centres of 
the THREE sides, the feet of the three 
perpendiculars from the vertices upon 
the opposite sides or sides produced, 
and the three middle points of the 
distances from the yerticea to the 
common intersection of the perpen- 
diculars, are NINE points in the circum- 
ference of one and the same circle ; the 
centre of this circle is at the middle of 
the line joining the centre of the cir- 
cumscribed circle and the common intersec- 
tion of the perpendiculars;, and the radius is 
half the radiiis of the circumscribed circle. 

Sua's. — The student will cio well to confine hia at- 
tention in the flret instance to the first figure, and 
after he sees the demonstration in this case — i. e., 
when the perpendiealai's fall within, t< 
the case of an obtuse angled ti'iangle, i] 
perpendiculars fall on the sides produced 

1st. To show that the circle which 



1 which the 



a, 6, and c, also passes through a, ■ 
lowing relations among the anglei 



s Ihrough 
e show the fol- 
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cAa + akb := tah. Hence, (he vertices a and ct are in the snme circumference. 
In like manner we show that ji and y are iu the circumference passing through 

Sa. Ckinsideringoneof the partial triangles as BHC, a,/?, and y are the feet of 
the three perpendiculars from vis vertices upon one of its sides and the prolonga- 
tion of the otJier two. Theiefore, by the first part r and q are the middle points 
of CH and BH, Considering either of the other partial triangles we find ji the 
centre of AH. 

8d. aa and hfi being chords of the nine points cii'cle, O is its centre, and let- 
ting Q he the centie of llie circumscribed circle, we may readily show that O 
is in QH, and also is at '\\& middle point. 

4th. Drawing aO, and pi'oducing it, we may show that it intersects AH in j), 
■and lience 'p}^ — hp — Qa, and AQop is a parallelogram. Therefore Op ^ ipa = 
4QA. 

G98. Cor. — The middle points of the three lines joining the cen- 
itres, two and two, of the escribed circles of a triangle, and the middle' 
ipointeof the three lines joining the centres of the escribed circlea 
■with ttihe centre of the inscribed circle, are six points in the circum- 
ference of the circle circumscribed about the same triangle. 

iGi)V- If one tria.ngle he inscribed in another, the circumferences 
■circHmscribing the three exterior triangles thus formed intersect in 
a common point. 

Sue. — The demonstration is foi 
of an inscribed quadrilateral. Tli 
of the inscribed triangle to the intersection to be examined. 

700. The differettice between the hypotenuse and the sum of the 
other two sides of a right angled triangle is equal to the diameter of 
the inscribed circle. 

'S'Ol It fn m the extremities of any side of 

a triangle two lines be diann, one bisecting an 

interior and the other an exterior ingle, these 

line's mil meet if sufficiently piodueed and 

their included angle ■will bo half the thud angle of tht, tnangle 

702. An in^cnled equilitenl triangle is ont faurth th cuuum 
scribed equilateral triangle about the same ciicle 



703. The three altitudes of a triangle are to each other ii 
13 the sides upon which they fall. 
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704- The bisectors of the angles 
included by the opposite sides of an 
inscribed quadrilateral intersect at 
right anglea. 

SuG,— By means of (3i4) show that FC + 
CE + HA + AG ^ 180°. Wience FOE - 90°. 



yOS- Two triangles which have an 
angle in each equal, are to each other 
as the rectangle of the sides including the equal angle. 

Sog's. a and D being equal, we are to show _ 

that ABC : DEF : : AB x AC : DE x DF. Take AE' 
= DE, AF' ~ DF, and draw E'F', Now ffom tlie 
Ikcts that the tiiangles AE'F' and DEF are eqnal, and 
that ti'iangles of Uie same altitudes are to each otiier 
8S their hases, the prapositiou. is proved. 





fOS. If of ihe four triangles into which the diagonals divide a 
quadrilateral, two opposite ones are equivalent, the figure is a 
trapezoid. 

707- The difference between the angles which a medial line in a 
triangle makes with the side to which it is drawn, is equal to the 
difference of the angles of the triangle including this side. 



708. If any number of equal right Unea radiate ftom a common 
pofnt, making equal consecutive angles, and 

any line be drawn through the common 
point, the sum of the perpendiculars upon 
this line from the estremities of the radiat- 
ing lines on one side, is equal to the sum of 
tliose on the other side. 

709. Cor. — In any regular polygon, the 
sum of the perpendiculars let fall from the 
vertices on the one side of any line passing through the centre, is 
equal to the sum of those let fall from the verticea on the other 
side. 
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710. If tlie sum of two opposite sides of a quadrilateral is equal 
to the sum of the other two opposite sides, a circle may be inscribed 
in it. 

Sno's. — Bisect any two adjacent an^ea, sa A and B. 
Then are the perpend icalai-s r, r, r, equal (?); and it 
remains to ho shown that tlie perpendicular p — r. 
Take AD' = AD, and BC = BC, and draw OD' and OC 
Since a + h = e + d, am\ CD' ~ b - (h - c) - (b - d), 
CD' = a, and the triangles DOC and D'OC are equal. 



'J'll. If two planes are parallel, any right line which pierces one, 
pierces the other also, 
ScG.— Proof hased on {410). 

712. If two planes are parallel, any plane wlueh intersects one, 
intersects the other also, and the lines of intersection are parallel, 

713. Cor. — Two planes which are parallel to a third, are parallel 
to each other, 

714. A plane which is perpendicular to a line of another plane, 
or to a line parallel to that plane, is itself perpendicular to the 
latter plane. 

713. If a straight line is perpendicular to a plane, any line par- 
allel to the plane is perpendicular to the first line. 



Sua.— Two Imea in space which ai 


!« not in the same plane, are said lo make 


e same angle with each otiier as tw 


■0 imea reapectively parallel to Ihem and 


itli lying in one plane. 





716. In order that a straight line be perpendicular to a plane, it 
is sufficient that it bo pei-pendicular to two linos not parallel to each 
other, and situated in the plane or parallel to it. 

717. If two right lines in space are perpendicular to each otlier 
(not necessarily intersecting), their projections on a plane parallel 
to either line are perpendicular to each other, 

Sua.— The Prqfeetion here referred to is that which is called the Ortho- 
graphic Flection. The proposition is not generally true of the P^spectke 
Pit^eOton, i. e., the spaces which the lines (considered as material) would appear 
to occupy if they were placed hetween tlie eye and the plane. (See Ex. 8, 
page 174, Pabt II.) 
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718. The angle of inclination (392, Part II,) of a line oblique 
to a plane, is less than the angle included be- 
tween this line and any line of the plane, 
except its projection, which passes throngh the 
point in which the first line pierces the plane. 

Sua. BD being the projecHon of AB, ABD < 
ABO', BD' being any line other than BD, passing 
tliiough B. 




719- Between any two lines not in the same plane, one line, and 
only one, can be drawn, which shall be perpendicular to both the 
giyen lines. 

Sna'a, — Pass ft pi aue through one of the lines parallel to the other; and 
through the otlier line pass a plane perpendicular to the first line. 

720. In a warped quadrilateral, i, e., one whose sides do not all 
lie in the same plane, the middle points of the sides are in one 
plane, and are the vertices of the angles of a parallelogram. 

of two opposite angles of the quadrilateral, the 
a diagonal of the given qua<irilateral. 



731. A line being given in a plane, one plane can be drawn in- 
cluding the given line and perpendicular to the first plane, and only 
one. Hence all right diedrala are equal. 

Sdg. — Demonstjation amilar to {390). 



722. The plane angle formed by drawing two lines in the faces 
of a diedral, from a common point in the edge, is less than the 
measure of the diedral 
if the lines lie on the 
same side of the plane 
of the measure, and 
greater if they lie on 
opposite sides. 

Spg's.— In (a), AOB be- 
ing the measure of the 
diedral, A'OB' < AOB. 
Pass a plane through the 
diedral, perpendicular to 
its edge, aod let its inter- 
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s with. A'O and B'O be P and P", and wiUi the edge, 0'. Also, pass 
a plane tlirough the edge and perpendlculai' to PP'. Revolve the triangle POP' 
oa PP' till DO falls in DO', eW. 

The second case is demonstrated from (&). 

733. If tlie projections of a line in the two faces of a diedral are 
straight, the line is a straight line. 

Sdg.— Proof based on (386), 

724. If from the vertex of a triedral a line be drawn at pleasure 
within the triedral, the sum of the plane angles formed by this line 
and any two edges is less than the sum of the facial angles formed 
by the other edge and these two. 

725- If throngh a point in apaee two lines be drawn parallel to a 
given plane, and through the same point two planes bo passed re- 
spectively perpendicular to the two lines, the intersection of these 
two planes will be perpendicular to the given plane. 

726- The three planes which bisect the three diedrals of a trie- 
dral intersect in a common line. 

727. In any convex polyedral, the sum of the diedrals is greater 
than the sum of the angles of a polygon haying the same number 
of sides that the polyedral has laces. 

SuG.— Proof based apon (738). 



738. Def. — A Polyedrofi is a solid bounded by plane sur- 
faces. A Regular Convex Polysdron is a polyedron whose faces are 
all eqnal regular polygons, and each of whose solid angles is con- 
vex outward, and is enclosed by the same nnmber of faces. 

729. There ai"e five and only five regular convex polyedrons — ^viz. : 
The Jfe/raei^j-on, whose iaces are four equal equilateral triangles ; The 
Hexaedron, or Cube, whose faces are six equal squares ; The Octaedron, 
whose faces ai'C eight equal equilateral triangles ; The Dodecaedron, 
whose faces are twelve equal regular pentagons; and The Icosaedron, 
whose faces are twenty equal equilateral triangles. 
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Dem. — We demonstrate this propositJon by elaowing — 1st, that such solids 
can be constructed ; and 3d, that no others we possible. 

The BegiUar Tetraedron — Taking tliree equal equilateral triangles, as ASB, ASC, 
and BSC, it is possible to enclose a solid angle, as S, witfi 
them, since t]io sum of the iJirce ihcial angles is (what?) 
(Part II., 43G). Then, since AC = AB ^ CB (?), consiii- 
ei'ing ACB tlie fourth face, we have a regular polyedrou 
whose four faces ai'e equilateral triangles. 

The Regular Hecaedron or Ouhe. — This is a familiar 
solid, but for purposes of uoifiirmilyaDd completeness we 
may conceive it constructed as follows ; Taking three 
equal squares, as ASCB, CSED, and ASEF, we can en- 
close a solid angle, as S, with tlieni (?). Now, conceive 
the planes of C8 and CD, AB and AF, EF and ED pro- 
duced. The plane of CB and CD being parallel to ASEF (?) 
win intersect the plane of EF and ED in HD pai'aiiel to 
FE (?). In like manner FH can be shown para]lel to ED, 
BH to CD, and HD to BC. Hence the'solid has for its 
£ice3 six equal squares. 

The Regular Oetmdron.—Kx the iDtersectinn P, of tlio 
diagonals of a square, ABCO, erect a perpendicular SP to 
Hie plane of the square, and making SP = AP (half of one 
of Ihe diagonals) draw SA, SD, SC, and SB. Making a 
similar construction on the othei' side of the plane ABCD, 
we have a solid having for feces eight equal equilateral 
triangles. 

The Eegular Sodecaedrvn.— Taking twelve equal regu- ^ 

lar pentagons, it is evident that we may group them iu Fio, 401. 

two seta of six each, as in the figure. Thus, around O we 

may place live, Ibrming 5 triedrals at the vertices of 0. These trledrals are 
possible, since llie sum of the fecial angles encS<»ing each is 3J rigiit angles (?) 
— i. e., between and i right angles (Part II., 436). In like manner ihe other 
6 may be grouped by placing 5 of them about O', How, conceiving the convexity 
of the gi-oup O in front and the eun- 
cavity of group O', we may place 
the two together so as to inclose a 
solid. Thus, placing A at 6, the 
three feces 5, 6, 1, will enclose a tri- 
edral, since tlie diedral included by 
5 and 1 is the diedral of such atri- 
edral. Then will vertex B fall at 
e, and a like ti'iedral will be formed 
at that point, and so of all the other 
vertices. Hence we have a polyedrc 
gona. 





L having for faces 13 equal regular peula- 
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in frant, and the conca-oUy of 0', 
^, thus ejiclosiiig- a solid angle 



Tlie Uvular Jeogaedron. — Taking 
30 equal equilateral triangles, tliey 
can bo grouped in two sets, as in 
the figure, in a manner altogelher 
similar to the precetiing case. The 
solid angles in thiscaseai* included 
by 5 facial angles whose sum is Si 
right angles (?), wliicb is a possible 
case (Part IL, ASS). As betbre, 
conceiying ilie convexily of group 
place tUem together by placing A at 
5 faces, whence G will fall at S, etc. Thus 



we oblain a solid wilb 30 equal equilateral ti'iangles for its ft 

That therecan be do other regular polyedrons than these B is evident, since we 
ca,n form no olher convex solid angles by means of regular polygons. Thus, with 
equilateral triangles (the simplest polygon) we have formed solid angles witli 3 
faces(the!eaatnumberpos8ihie),asin thetelraedron; with 4, asin theoctaedron; 
and with 5, as in the icosaedron. Six such facial angles cannot enclose a solid 
angle, since their sum is four right angles (?), and much less any greater num- 
ber. Again, with squares (the next most simple polygon) we have formed solid 
angles with 3 faces as in the hexaedron, and can form no other, for the same 
reason as above. With regular pentagons we can only enclose a triedral, as in 
the dodecaedron, for a lilte reason. With regular hexagons we cannot enclose 
a solid angle (f), and much less with any regular polygon of more than six 



SoH. — Models of the regular polyedrons are easily formed by ciitting the fol- 
lowing figures from cardboard, cutting half-way through the board in the dotted 
lines, and bringing the edges together as the forms will readily suggest. 
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730- Any regular polyedron is inscriptible and circuniscriptible 
Ijy a sphere. 

Sug's. — From the centres of any two adjacent faces, as e and e', let fall per- 
pendiculars upon the commott edge, and they will meet it in 

tho same point o (?). Tlie plane of these lines will be per- ,x<T\ 

pendicular to Ihia edge {?), and perpendiculars to these faces ^^ 'T~y''~'^ 

from their centres, as (&, e'S, will lie in Ihis plane (?), and hence [VXyXX /^ 

will intei'sect at a point equally distant from these faces. .&■/' s \ / 

In like manner c"^ = c'S, and the point S can be sliowu to \^\ — ^^>J 

be equally distant from all of lie faces, and is therefore Uie \\ /^ 

centre of lie inscribed sphei'e. ^i^-''^ 

Joining S wiOi the vertices, we can readily show that S is F[„. 405. 
also lie centre of tlic cucumscribed sphere. 



tSl. Show that a, being the edge of a regular tetraedron, its 



s one whose upper and 



733. Def. — A TTtmcated Frisni 

lower bases are not parallel. 

733. The volume of a truncated triangular prism is equal to the 
sum of the volumes of three pyramids 
whose common base is the lower base of 
the prism, and whose vertices are the 
angles of the upper base. 

Sug'b.— Let iD, cD', and oD" be perpendicu- 
lar to the lower base. Volume of 6-ABC is J 6D 
X ABC. Volume a-6Cc : volume i-ABC : : cbC 
: SBC : : cC : bB I : cD' : bD. .: Volnme o-ftCa 
= ^cD' X ASC. In a similar manner volnme 
^aAC = J«D" X ABC. 

734- CoR.^ — The volume of a prism, 
one of whose bases is- a right section and the other an oblique 
section, is the product of the right section into the arithmetical 
mean of its edges. 

Sdo's.— The volume of «6c-ABC is as shown above ABC (- — ~-^ "- — 1- 

But if ABC is a right section, iD i^ IB, «□' = eC, and aD" = aA. Hence tJie 
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735. The Toiume of any polyedron having for its bases any 
two polygons whatever, situated in parallel planes, and for lateral 
faces trapezoids, is the product of ^ the distance between the bases 
into the sum of the two bases plus 4 times a section midway be- 
tween the bases; or v = ^ (b + b' + 4s"), in which H is the dis- 
tance between the bases, B and B' the bases, and b" a section mid. 
way between the bases. 

Dbm.— Let Li Mi H% Pi Q, be the section of snch a 
polyedron midway between its bases, and S any point 
in this section. Joining S with the vertices of tlie 
polyedron, we divide tbo solid into as many pyramids 
BS it has faces. The volames of the two which have 
B and B' for their bases are evidently ^H x B, and JH 
X B'. It remains to flad Ihe volnme of the others. 
p,g ^,j Let LML'M' be a lateral fece corresponding to LiWli 

and SO a perpendicular from S upon this face. Draw 
ri IhroTigh O perpendicular to LM, 'and consequently to L'M'. Take I'Ki ptr- 
pendicular to the plane section, whence I'Ki — |H. Now the volume of the 
pyramid having L'M'LM for its base and S for its vertex is LiMi x 3l'li >: 4SO. 
But I'll X SO = Sli X I'Ki (?) ; whence the volume of tiiis pyramid is I LiMi x 
Sli X I'K, = 5 X aSLiMi X I'Ki = i I'K, x 4SL,Mi = ^H x 4SL,M.. In like 
manner the volume of the pyramid having for its base the face in which M, N, 
13 situated, can be shown (o be ^H x 4SMi Ni and similarly of all the 
others. Whence the whole volume is J H (B + B' + 4B"). 

736- CoR-^The proposition is equally tme when some or all of 
the lateral faces are triangles; t. e., when one base has more sides 
than the other. 

; of much value in calculating earth- 



737. If we cut a pyramid by a plane parallel to its base, a second 
pyramid is formed similar to the first 

73S. Two triangular pyramids are similar whenever they have 
an equal diedral angle contained between faces, similar each to each, 
and similarly placed. 

739- Two polyedrons composed of the same number of tetrae- 
drons, similar each to each, and similarly disposed, are similar. 
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74:0. All regular polyedi'ons of the same iiumber of faces are 
similar solids. 

74:1. The intersection of the siirfaces of two eplierea is the cir- 
cumference of a circle whose plane is perpendicular to the line which 
joins their centres. 

742. Through any four points not in the same plane one sphere 
may be made to pass, and only one. 

Sue's. — TIio four points may be considered as the vertices of a tetraedron. 
CoDceive in tiie triani!ulai' faces perpendLculam to tlie faces, from tlie intei'sec- 
tions of lines drawn in tliese faces perpendicular to the sides at Iheir middle 
points. These perpendiculars will meet at a common poiat (?), which is the 
centre of tlie circumscribed sph<a'e <?). 

[The studenj; sliould sliow wliy only one spliei'e can be circumscribed.] 

743. Cob. 1. — The four perpendictilars erected at the centres of 
the faces of a tetraedron intersect at a common point. 

744:. Cob. 3. — The six planes, perpendicular to the six edges of 
a tetraedron, intersect at the centre of the circumscribed sphere. 

745- One sphere and only one may be inscrihed in any tetraedron. 
Sua. — Bisect the diedrals with planes. 

74&. The angle included by any two curves intersecting on the 
surface of a sphere, is eqijal to the angle included by the arcs of two 
great circles passing through the point of intersection, and whose 
planes produced include the tangents to the curves at their inter- 
section. 



SECTION 11. 

PROBIEMS IN SPECIAl OR ELEMESTAET GEOBIETRT. 

747. To bisect the angle formed " 
by two lines whose intersection is - 
iaaccessil3le. 



Sno.— M and N are points in the bisector. 
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748. To pass a circumference through three points, not in the 
same straight line, when the radiua ia so long as to render the ordi- 
nary method impracticable. 

three pointB ; tliea are M and N otiier points in 





7'4.9. From two given points on the same 
side of a line given in position, to draw two 
lines which shall meet in that line and mate 
equal angles with it. 



750. To construct an isosceles triangle with a given base and 
vertical angle. 
8uo.— See Prob. 4, p. 103. 

7SX- To trisect a right angle. 

SuG.— What is the value of an ivngie (if an equilateral triangle ? 

732. Given the perpendicular of an equilateral triangle, to con- 
struct the triangle. 

733' Given the diagonal of a square, to construct it. 



734. To construct an isosceles triangle, so that the base shall be 
a given line, and the vertical angle a right angle. 
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y5'5- Given the sum of tlie diagonal and a side 
of the square, to eonstruct it. 



!s of a and /S respectively ? 



736- To construct a triangle when the altitude, 
tlie vertical angle, and one of the sides ai-e given. 




757- To eonatrnct a triangle when the sum of the three sides 
and the angles at the base are given. 

Suo's. — MN being the sum of a,*, a 
c, what aru the angles M and H as com- * " 

pared witli the given angles a and ff ? p,,, 4jj_ 

758- In a right angled triangle the perimeter, and the perpen- 
dicular from the right angle upon the hypotenuse being given, to 
construct the ti'iangle. 

Bco's.— DE is equal to tie perimeter, 
DBE is an angle of 135°, and FE is tlie 
perpendicular on the hypotenuse. ABC 
is the required triangle. Let tliesludent 
give tie soludon in fUil, and tlie proof 



739- From two given points on the same side 
of a given line, to draw two equal straight lines 
which shall meet in the same point of the Hue. 



760. To pass a circumference through two 
given points, which shall have its centre in a given line. 



701- To construct a quadrilateral when three sides, one angle, 
and the sum of two other angles are given. 

Sou's.— What is the fomlh angle ? In any case two sides and tlieir included 
angle are known. There will l)e two cases according as the two angiea wlinse 
sum is known are adjacent to eacli other or opposite. In the latter case we 
have to describe a segment on a diagonal, wJiicU will contain llie fourth angle. 
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762- To construct a quadrilateral when three 
angles and two opposite aides are given. 



763. To bisect a trapezoid by a line 
drawn from one of its angles. 



7G4. In a given circle, to inscribe a triangle equiangular with a 
given triangle. 
StTG. — How does an angle at the centre compare with one inscribed ia 



7G5- To describe three circles of equal diameters which shall 
touch each other. 

766. In an equilateral triangle, to inscribe three equal circles 
which shall touch each other and the three sides of the triangle, 

767' To describe a circle of given radius touching the two sides 
of a given angle. 

Sua.— How far is tie centre from eacli line ? 

768- To describe a circumference which shall be embraced be- 
tween two parallels and pass through a given point within the par- 
allels. 

Suo.— In what line ia the centre ? How far t\om the given point? 

769- To describe a circle with a given radius, which shall pass 
through a given point and be tangent to a given line. 

770. To find in one side of a triangle the centre of a circle which 
shall touch the other two sides. 

771- Through a given point on a circumference, and another 
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given point without, to describe a circle touching the given circum- 
fereQce. 

SuG. — Consider in wliat two lines tlie centre must lie. 



7t2. In the diameter of a circle produced, to determine the point 
from which a tangent drawn to the circumference shall be equal to 
the diameter. 

Bug,— Wtiat is tlie relation between fhe radius, the required tangent, and t!ie 
distance ll'om tlie centre to the iuterse«tioii of the produced diameter and tbe 
required tangent? 

773- To describe a circle of given radius, touching two given 



774:. In a given circle, to inscribe a right angle, one side of ^ieh 
is given. 

775. In a given circle, to construct an inscribed triangle of given 
altitude and vertical angle. 



776. To inscribe a square in a given right- 
angled isosceles triangle, one side being in tlie 
hypotenuse. 

777. To inscribe a square in a given quadrant of a circle, the 
vertex of an angle being at the centre. 

778. To find the centre of a circle in which two given lines 
meeting in a point shall be a tangent and a chord. 

779. To describe a circumference which shall pass through a 
given point and be tangent to a given line at a given point. 

780. To bisect a quadrilateral by a line 
drawn from one of ite angles. 

Suo.— The demonstration is based upon the prin- 
ciple tliaC triangles having equal bases and equal 
altitudes are equivalent j-ia. n^ 
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781- Through a given point situated between the sides of an 
angle, to draw a line terminating at the sides of the angle, and in 
such a manner as to be bisected at the point. 

8u&.— Conceive the point as aitualcd in the third side of a triangle of which 
tlie two giveo linos we the other two. 



t82- To draw a line parallel to the base of 
a triangle so as to divide the triangle into two 
equivalent parts. 

>C Siro. PB' = DB'' = |AB^ See {34:4, 363). 

783. To construct a square when the difference 
between the diagonal and a side is given. 

Sdg. — Consider the angles. 



Pie. 4!0. 
784:. To determine the point in the circumference of a circle 
from which chords drawn to two given points shall have a given 
ratio. 

Stjo. — Draw a chord dividing the chord joining the given points in the re- 
quired ratio, and bisecting one of the subtended arcs. 




78S. To bisect a given triangle by a line drawn from one of its 
angles. 



780. To bisect a given triangle by a line drawn 
from a given point in one of its sides. 



787. In the base of a triangle find the point from which lines 
extending to the sides, and parallel to them, will be equal. 

788. To construct a parallelogram having the diagonals and one 
side given. 



780. To construct a triajigle when the three 
given. 



,yGoo»^lc 



PEOBLEMS IN SPECIAL OR ELEMENTAET GEOMETRY. 273 

Sou, — What is the relation of Uie peiTcadiculars to the sides upon wliicli 
they fall S If a triangle be formed with the perpendiculars as eides, how will 
it compare with the firat triangle? 

790. What is the area of the sector whose ^rc is 50°, and whose 
radius ia 10 inches ? 

791- To eonstrnet a square equivalent to the snm, or to the dif- 
ference of two given squares. 

793. To divide a given straight line in the ratio of the areas of 
two given squares. 

793- To construct a triangle, when the altitude, the line bisecting 
the vertical angle, and the line from the vertex to the middle of the 
base are given. 

Siro. — The centre of the circle cireumserihing the req^uired tii angle is in the 
perpendicular to the base at its middle point, and also in a line whicli makes the 
same angle wiUi tlie bisecting line tliat t]ie bisector does with the perpendicular. 

Show tliat the bisector always lies between tliu perpendicular and tlie mfidial 
Yme. 

794. Through a given point, draw a hne such that the parts of 
it, between the given point and pei-pendiculara let fall on it from two 
other given points, sliall be equal. 

What would be the result, if the first point were in the straight 
line joining the other two ? 

793. From a point without two given lines, to draw a line such 
that the part intercepted between the given lines shall be equal to 
the part between the given point and the nearest line. 

SuG. — Produce the lines till they meet, if nccessaiy. Draw a line through the 
f;iven point parallel to one of the lines, and produce it till it meets the other. 

790- Given one angle, a side adjacent to it, and the difference of 

the other two eides, to construct the triangle. c 

QuBBiBs.— Howifi > ai How if B is obtuse? y \\ 

^ A .... ~^ '••-^ A 

797. To pass a circumference throngh two given -^^ ^j_ 
points, having its centre in a given line. 
13 
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"tOS- To draw a line parallel to a given line and tangent to t 
given circumference. 

ScG. — Draw a diameter perpewdicular to tlie given line. 




799- To draw a common 
tangent to two given circles. 

SuG-^lST Method. — There are 
two sets of tangeols, AC, BD, and 
A'D', B'C. For the iii-st, observe 
tliat ifPE = AP - OC, OE is iiaralld 

AC, el«. 



2d Method. pO, p'O' 
being parallel to each other, 
pp'T gives the interseciion 
of the tangent with the line 
passing through the oentrea, 



pO : p'O' : : OT ; O'T, or pO —p'O' : p'O' : : 00' : O'T. 

Also, PO - P'O' : P'O' : ; 00' : O'T. 

Hence O'T ia constant for all positions of the parallel radii. Prove that if 

tire parallel radii are on different sides of the line joining tlie centres, T' is 

the point where the internal tangent cuts OO'. 

Queries. — How many tangents can he drawn — 1st. When lie circles are ex- 
ternal one to the other; 3d. When they are tangent externally; 3d, When 
tliey intersect each other; 4lh. When tangent Internally; 5th. When one Ilea 
within the other? 

pf 800. To describe a circle tan- 

gent to a given circumference 
and also to a given line at a given 
point. 

Suo's. — There may be two cases — 
1st. When the given circle ia exterior 
to the one sought ; and 3cl. When it 
is interior. In either case the centre 
of the required circle is in the perpen- 
dicular AC. In the former case, 0, the 
centre of the required cii'cle, is at 
Fm. 4S5. T + r' from C ; and in the latter 0' is 

"' from C. AO = r, and CD = AB = AB' = r'. 
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SOI- To eoiistract a trapeaoicl when the 
four sides are given. 



Sdo. — Kiiowing tbe differertce 
parallel sicles, we may coastructUie tiiangle AEC, 
and heace tlie trapezoid. 



veil line, to construct 




802. On a g 

polygon. 

Sue'e, — Oue method may be learned fri 
(»0). Es. 8, page 153, furnishes anotii 
method. The following is an elegant metliod 
To consti'uet on A' homologous witli A, i 
polygon similar to P. Place A' parallel 
and tlie figure will suggest the construe;! 



803. To pass a plane through a given line and tangeut to a given 
sphere. 

Sue's. — Pass it plane through the centre of the sphere and perpendicular to 
tlie given line. Through the point of intersection end in Uiis secant plane draw 
tangents to the great cii'cle in whicEi the secant plane iutei'secta the surface of 
the sphere. The points of taogency will he the points of tangency of tlie rei- 
quired planes (?), of which there arc thus seen to be two. 

804. Def. — A Tangent IPlane to a cylindrical or conical 
enrfiice is a plane which contains an element of the surface, but 
does not cat the stirfaee. The element which is common to tlie 
surface and the plane is called the Mement of Contact. 



gi' 



80S. To pass a plane through 
cylinder of revolution. 



, given point and tangent to a 



ScG's.— 1st. Wlien the point is in the surface of the cylinder. Through the 
jiotnt draw an element of the cylinder, by passing a line parallel to the axis, 
or to any given element Through Uie same point pass a plane perpendicular 
to this element, making a right section (a ch'cle). To this circle draw a tan- 
gent. The plane of ihe element and tangent is tlie tangent plane req^uired. 
[Tiie student should prove that any point in the plane affirmed to be tangent, 
not in the element passing through the given point, is without the cylinder.] 

2d. When tlie given point is without the cylinder. Pass a plane through 
the given point perpendicular to tlie axis of the cylinder, thus malting a light 
section of the cylinder {a circle). In this secant plane draw tangents to the 
section. Through the points of contact of these tangents draw elements of 
the cylinder. These elements are the elements of contact of the tangent 
planes. Hence pianos passing through tliem and the given point are the tatt- 
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gent planes required. [The atudeot should remember tliat this is but an nut- 
line^ and be careful to fill it up, giving the piflof,] 

SOQ. To pass a plane through a given point and tangent to a 
conical surface of revolution. 

SO^. To find, with the compasses and ruler, the radius of a ma- 
terial sphere whose centre is inaccessihle. 

Sne'3.— With one point of tlie compasses at any point 
in the surface, as A, tnice a cirele of the sphere, as «c6. 
The chord Aa is measured by the distance between the 
compass polots. In like manner measure three otlier 
I chorda, as a4S, ab, and he. Draw a plain triangle having 
ese chords for ils sides, and circnmBcribe a circle about 
Thus aD is found. Knowing aA, and »D, and remem- 
bering that AiiB is right angled at a. the tiiangle 
AoB can be drawn in a plane (?), whence AO becomes 




SECTION III 

APPLICATIOSS OF AIGEBBA TO GEOMETRY. 

SOS. The mathematical method which ia called technically A'p- 
pUcations of Algebra to Geometry consists in finding, hy means of 
equations, the numerical values of the unknown parts of a geomet- 
rical fignre, when a sufficient number of the parts are given numeri- 
cally. 

809- By reference to the Complete School ALaEBEA, page 
238, it will be seen that the algebraic solution of a problem consists 
of two parts : IsL The Statement, which is the expressing by one 
or more equations of the conditions of the problem, i. e., the rela- 
tions between the known and unknown quantities (parts of the 
figure) to be compared; and 2d. The Solution oi these equations, 
so as to find the values of the unknown quantities in known ones. 

810. In applying the equation for the solution of such problems 
as are now proposed, we have to depend upon our previously ac- 
qviired knowledge of the properties of geometrical figures for the 
relations between the known and unknown quantities, which will 
enable us to form the necessary equations, i. e., to make the Staie- 
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ment. The Tesolution of the equations thus arising i 

the ordinary ways. {See Note, page 339 of The Complete 

School Algebra.] 



811. The details of this method will 1 
from a careful study of examples. 



most readily obtained 




EXAMPLES. 
S12- In a right angled triangle, given the hypotenuse and the 
sum of the other two sides, to find these sides separately. 

SOLtmON. — Let ABC be a triangle, right angleil 
at B. Lei tlie knoum hypotenuse be h, tlie unknown 
baae,^,' tbe linftnown. altitude, ij; aad the knotnn simi 
of tbe base and altitude, «. 

We have here two unknown quantities, and hence 
must have two equations, in order to find their 
values. One of these equations is furnished directly 
by tbe staternent of tbe problem, which sajs liiat the sum of the base and per- 
pendicular ia to be given. Hence — 

Equatioa 1 is a; + y = s. 

A second relation between x and i/ and tbe known quantity h h famished by 
the relalion given in Paiit II. (346). Whence — 
Equation 3 is a' + ^ = /('. 

Solving these equations we find — 

2/ = 4s ± 4^/3ft' - s', and k = is T 4^2?^ - «'. 
If;i = 10ands= 14, we find s = 6, andy = 8; ora: = 8, andjf = 6. 

Geometrical Solution — It is exceedingly interesting and instructive to 
compare the algebraic solution of sucli problems with their geometi'ical solution, 
when tlie problem can be solved in both ways. Tie geometrical solution of 
this problem is as follows : 

Take DC = », tbe sum of the two sides, 
and make ODC = 45°. From C as a centre, 
with a radius A, tlie hypotenuse, describe an 
arc cutting DO, as in A and A'. Draw AC and 
the perpendicular AB, also A'C and the per- 
pendicular A'B'. Bolb tbe triangles ABC and 
A'BX fulfil tliecondilions. ForAB = DB (f), 
wlienco AB + BC = s, and AC = h, by con- 
struction. So, also, A'B'= DB' (?), whenee A'B' 
+ B'C = a, and A'C = A, b3' con stmi' lion. 




COMPAEIBONS OF THBSB SOLUTIONS, 

We find in tlie aJgebraie solution, thai. 



■Ist. 
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genera], y may have two valuea—i'iz., is + i^2h' — n', and is — i^2k'' - s' ; 
and that when ji = ^ + i^2/i' — «', x = is — i^/2h' — »' ; but, when 3; = 
■Ja — i^/2h' — »*, 3! = |s + iy'aa' — s". Correspondingly, we find in the 
geomeiriad solnlion that the base {y) may have twit vahiea^viz., BC, and B'C ; 
and that when the hase is BC, the allitude (x)i3AB; biit, \vlieu the base is 
B'C, the altitude is A'B'. 

3d. From thefilgebvaicsoltttion, we observe that the basey=is ± ^^3/;' — a', 
may be considered as made up of two parts— viz., a rational part, Js, and a 
raclital part, ^ y'S/i' ~ s' ; and that the altitude, » = ^ t iV'2A' — "?, ia made 
up of tlie mme parts, only observing that, if the base is considered as tlie sum 
of these parts— viz., is + 4y'3ft' — 1?, the altitude Is their difference— viz. 
it — i\/^ — B^. If, however, tlie base is is — i^/^W — «', the altitude ia 
is + i-\/2/i!' — s'. Now, we can. discover exactly the same things ge<rmetricaUy, 
and can show exactly whal is the geometrical meaning of each of the parts of 
the values of ^ and a^ To do this, draw C/* bisecting AA' ; let fall the perpen- 
dicular /e, and draw Mi and fg parallel to DC, C/is perpendicular to DO {?), 
and hence equal to Of (?). Also, D« = eC = /e = ^s (?). Proni the right angled 



triangle D/C,/C = —^ DC = —= (?)■ Hence, from A/C, A/ = 



jAc 



jfC - 'Jh' - is' ~ — y'S/i' - s'. Again, from the riglit angled 



isosceles tiiangle Ai/, wo have A^ = --= A/(?) — i«J2h^ — g'. But Aft ^/fe = 

fg = k'g = Be = eB'. Hence we see tliat the rational part of iLe value of y (is) 
ia eC, and that the radical part (4^27*' - s') is Be, or eB', In the triangle ABC 
the (tarn of these parts ia the base; and in the triangle A'B'C, theu' difference is 
the base. In like manner/e represents the rational part of tlie value of x, and 
f/e = k'g, tlie radical part. 

3d. From, tlie algebi'alc solution we see that if s' ^ 2ft', y = Je, and x — |s. 

The same thing is seen in the geometi'ical solution, for if s' = S/i', h = —rf-S, 

or/C ; whence tlie arc struck from C as a centre, wiih A as a radius, would be 
tangent to DO, instead of intei'secting it in too points. Again, if s' > 3S', the 
quantity tmder the radical sign is negative, and the radical becomes imaginary. 
This means, that no triangle can he formed under tliese circumstances. This 

case appears in the geometrical solution also, for then A < —p.s, or less than 

fC, and consequently the arc struck from C as a centre, with radius S, will not 
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813. ScH. — Thia problem is discussed tlius at lengtli as aa illustraliou of 
what ma;/ he done by sucii metiiods. Of course, all problems are not equally- 
fruitful i but tlie student should not rest satisfieil with a mere delermioatioD of 
the valucB of the uakaown parts in known lerms, whea anytliing farther is 
revealed either by the process or result of the algebraic solution. Especially 
shoald he desire to become expert in seeing what geomelrical relations are 
indicated by the/i»™. of the answer obtained. 



S14- Given tlio lengths of the medial lines from the acnte angles 
of a right angled triangle, to determine the triangle, i. e., to fiod the 
base and perpendicnlai-, 

Suo's.— Let AD = a, CE = b, AB = 3?, and CB = 3j/; thpn 
43)^ + ^ = a'', and 4y' + a;^ = i'C?). -■- Sa = AB = y^*"' ~ ''\ 



-V^^'- 



The form of these results indicates that CB sustains the 
same relation to CE and AD that AB d<ics to AD and CE— a FiQ.4ai. 

fact whieii Is evident from tiie nature of the case. 

Again, if 4a' < b\ 2a is imaginary ; and if ib' < a', Sy is imaginary. In 
either case the triangle cannot exist. So also if 4a' = !^ 2x ^ 0; and if 4b' 
= a\2i/ = 0, and there can be no triangle. This may be seen from the figure 
by conceiving AB, for example, to diminieli. As A approaches B, AD ap- 
proaches equality with DB, and CE with CB. Ilence the limit is AD = ^CE. 

Thus we see tiiat eitlier medial line must be irwre than half tlie other, — a propo- 
sition which is proved by this solution. 

815. The hypotenuse and radius of the inscribed circle of a 
right angled triangle being given, to determine the triangle. 

Jfesufe.— Calling the hypotenuse A, the radins r, the base a, and the per- 

,. , , Sr + ft ± 'Jli? — ihr — 4)^ „„j 
peudicuiar y, we have, x = = — t— — — — , and 

The results being tlio same in other respects, the double sign before the radical 
indicates that the base and perpendicular ai-e interchangeable — a fact which is 
evident from tiie nature of the case. 

If the radical is 0, *, e., if A' - ifti- - 4)* = 0, » = r + JA, and y = r + Jft, 
and the base and pei'pendicular are equal. Let the student show the same thing 
geometrically (from a figure). 

Also, if A' ~ iAr - 4r' = 0, A = %r (1 ± v^). In this result the negalive 
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sign is to be rejected, since it would make h negative, as 
1/3 > 1- 

Tlie value A = Sr (1 + V^) is readily seea from the figure 
wben AB = CB, Thus AC - 3DB = 3 (DO + OB) = 3 (>■ + 

T V3) == 3,' (1 + v'ai (?). 



810. A tree of known height standing perpen- 
dicular on a horizontal plane, breaks so that its top strikes the 
ground at a given distance from the foot, while the other end hangs 
on the stump. How high is the stump ? That is, given the base 
and the sum of the perpendicular and hypotenuse of a tight angled 
triangle, to determine the perpendicular. 

Remit.— "Lex a be the height of tlie tree, 6 the distance from the foot to the 
point where the top stiikes, and x the height of the stump ; then iC = 



Since — — = ia — — , „— is the distance below the middle, at which 
tlie tree breaks. 

817. In a rectangle, knowing the diagonal and perimeter, to find 
the sides. 

818. Knowing the base, b, and altitude, a, of any triangle, to 
find the side of the inscribed square, x. 



819. In an equilateral triangle, given the lengths, a, b, c, of the 
throe perpendiculars from a point within upon the sides, to deter- 
mine the sides. 

Sug'r. — Find an expression for Ihe altitude !n terms of tlie sides; and then 
get two espressions for the area of the whole triangle. Eijuate these. 

Result, each side = ,tz ■. 

820. In a right angled triangle whose hypotenuse is h, and differ- 
ence between the base and perpendicular d, to find these sides. 

„ ,^ -d± ^Vr^W , , rf T Vi A' - (P 
KesuUs, X = — — s"*" ; a: + (f = — _^._- . 



,0byGOO»^IC 



APPLICATIONS OP ALGEBRA TO GEOMETET. 281 

QuEKiES, — What is the geometrical significance of Uie fact tliat tlie results 
are tlie same except as I'cgai'ds tlio signs? la tlie first result why must the 
negative value of the radical be r^ected; and in the second the positive? 

82 1- In an equilateral triangle given, the lines a, b, c, drawn 
from a point within or withont, to find the sides. 
IlesiiU. — Each side = 



' + cV) - 3 (a- + t 



Theradical is + wlien the point is within, and — when it is witiiout 

822. The perimeter of aright angled triangle and the perpen- 
dicular from the right angle upon the hypotenuse being given, to 
determine the triangle. 

Sug's. — Let s be the perimeter, p the perpendicular upon tlie hypotenuse, and 
X + y, x — ^ the two sides about the right angle Then the liypoteniise = s 
— fo, and we readily form the two equations p (s — 2x) = x' — ^, and 

(i + j,)5 + (i - yf = (8 - 3i)s (?). Hence x = ^ - ^, and this value Bubeli- 

tuted in either equation will give y. 

823. The base of a plane triangle is i and its altitude a, required 
the distance from the vertex at which a parallel to the base must cut 
the altitude in order to bisect the triangle. 

BesuU, 7^ 

1 -I- Vs. 

Qtjbey.— What does the fact that 6 does not appear in the result show ? 

824. Having given the area of a rectangle inscribed in a triangle, 
can the triangle be determined? Can it, if the rectangle is a 
square ? If the rectangle is a square and the triangle right angled ? 
If the rectangle is a square and the triangle equilateral ? 

825. The sides of a triangle being a, i, c, to find the perpendicu- 
lar upon from the opposite angle. 



Result, p = — V2c° (a'-\-b'') + ia'b' — a- — V — c\ 

Sug' a.— Observe that a and 6 are similarly involved in the result, but a is 
diffei'ently involved from either. This is evidently as it should be, since a and 
h are the sides about the angle from which y is let fall ; and are thus similarly 
related to 'p. But c, the side ou which p falls, is differently related to jp from 
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eitJier of the others. The student should be able to write the value of the per- 
pendiculars upon each of the other sides, from this oae. TUus, that on a is 



Za 



^iaf {^ + 6') -1 






820- Tlic sides of a triangle are a, i, c, to find the side of an in- 
scribed sqiiare one of whose sides falls in c. 

Sva's. — The altitude may be found from the preceding, hence may he as- 
Bumed as known. Call it p. Then the side of the required square is - 

What is the side of the square standing on a? On&? 

Qdert. — Will the square be the same on whichever side it stands ? Observe 
that though the values here found ai'c apparently different, they may not be so 
really, since p is different in each case. But let the student decide. 

827- Having the area of a rectangle inscribed in a given triangle 
and standing on a specified side, to determine the sides of the 
rectangle. 

Result, h being the base on which the rectangle stands,^ the alti- 
tude from this base, and s the given area, we have for the sides 

Scg's. — The ± and T signs indicate that, in general, there can be tw^o equal 
rectangles inscribed standing on the same base. The student will do well to 
illustrate it with definite numerical values, as j> = 10, i—5,a = 10. 

Again, -^ must be greater than — , and ^ > '^, i. e., s must he less than ^6. 

That is, the greatest rectangle is half the area of the triangle, since ijjS is Ihe 
area of the triangle. 



828. The Algebraic solution of a problem often enables us to 
effect a geometrical construction. We will give a few examples. 

Through a given point within a circle, to draw a 
chord of a given length. 

SoLTiTioN.— Let s be Ihe length of the required chord, and 
P the given point. Since P is a known point, call AP 
= a, PB = 6. AB being the diameter through P. Let CD 
represent the required ehoid, and calling CP, s, PD = a — x. 
Then sx — j? — ab; whence x = ^s ± \/i* — "*■ 
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To effect the geomefi'ical consU'uotion, let a be the given 
clioii.1, and P tlie point in tlje given circle. Draw the diame- 
ter through P, and erect PE perpendicular to it. Make EH 
= is ; then, since PE' = ab, PH = y'i a' — ab. Kow take 
PI = is, and from P as a centre, with a radius PI = ja + 
-i/i^ — ab, atrilte the arc Dl intersecting tlie circurafei-eiice. 
DPC is Uie chord requiied. 

From tiie radical Vi*^ - "^ we see that, if ab > isP, x is 
imaginary, as we say in algebra. In sucli a case tie problem is geometi'ically 
impossible, as will appear from the construction, for then PE is greater than 
EH, which makes HP, tlie representative of V^*' ~ *'"' impossible. If Js' = all, 
3> has but one value, and the segments are equal. 




Pio. 4 



829. To find a point in a tangent to a circle from which, if a 
secant be drawn to the cxtromity of the diameter passing through the 
point of tangency, the external segment ahall have a given length. 

Solution. — Let AS = ci be tlie diameter of the 

given circle, DX = a the external segment jif the re- 

quired secant, and the whole secant BX = a. Thea 

a^ - <KC = (P, and « = ia ± ^/(^ + W. 

To effect the geomeliicai consti-uction, construct 
the radical by taking AC = ia; whence BC = 
■\/(P + W. Now make CY = ia, and widi B as a 
centre, and BY as a radius, stilke an arc cutting the 
tangent, as in X. Then is ^___ S'la. 435. 

By. = x = ia+ ^/¥TiaK 

The negative value of the radical is inapplicable in this elementary, geomet- 
rical sense, since as i/^ + \c£' > Ja, this would make a a negative quantity. 
Again we see that no real value of a can render x imaginary. 

We can observe the same tilings from Uie geometrical construction. Thus, 
if the negative value of the radical were taken, ib would be numm-ically less 
tiian BC, by ia, or AC. But BC - AC < BA. Hence an arc struck from B 
with the required radius would not cut the tangent. We see also that a may 
have any value between and rn . 




830. Given the hypotenuse and area of a right ano-led triangle, 
to construct the triangle. 



Suo's. — Let h be the hypotenuse, s' the area, and r, the 
perpendicular from the right angle upon the hypotenuse. 
Then hx = 3s', or 4-7* : s ; : « : x, and h : 2s : : U : 2x, 

The figure will suggest the construction. 
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831- Throiig;li a poiut between two lines which intersect, to draw 
a line which shall cut off a triangle of given area. 

Sug's. — Let AY = s, and the requhed area = s'. 
We have h -.H :: x - h : x. .-. H = —— 




And Vix = 3s^ 



^Ad-^-y 



Hub, find " = jr, i- «.. construct 

a third proportional to h and ». Then construct ■•/e {c — 2b), i. «., find a mean 
proporiional between e and c — 2b; let this be m. Whence a: = c ± nt. In gen- 
eral, there may be two soliidons, if any, since there are two values olx. [This 



should also be observed from the flgui'e.] But if 3S 
If ~ = 3i, there is but one solution. In the latter ci 
O? What is the geometrical difSculty wlien 26 > 
greatei' than c ? 



■ 7" there is no aoluUou. 
e where is the given point 
- ? Can m be numerically 



S33. To coiistnict the four forms of the affected or complete 
quadratic equation, viz., (1.) a:' + px — q = o, (2.) x' — px — q = 
0, (3.) x' ~ px + q — 0, (4.) x'' + px + q — o, without solving the 
equations. 

FiEST FoBM. a,^ + px ~- g = o. — Draw any 
two lines as LM, N P, intersecting in some point 
O. Resolve g of the equation into two factoi's, 
as !■ and s', so tliat we have a? + px — r x q' = 
o. Talte OA = p, OB = r, OC = q'. Bisect CB 
and AO by perpendiculars, and from their in- 
lersection F as a centre, with a radius FB, draw 
a circle. Then DO, or AE, is a, the posiiive 
root. For x(x + p) = rq', cii z' + px~ rq' = o. 
The negative root is OE. Thus, let OE ^(— a:). 
Tiien DO - AE = (- s - ji). Hence (- x) 
Fio, 438. (— iC — y) = a* + jra = »^', or «' + px — rq' 

This construction is evidently always possible irrespective of the relative 
magnitudes of p, r,q' ; a fact which agrees with the statement in algebra that 
this form always has real rooU. 




Second Form, a? —px - 
first fonn ; only, in this cai 
Thus for OE r= 3! (positive), ^v 



rj' = o. — The construction is the sf 
OE is the positive, and DO the : 
! have DO x OE = (« — p) * — rj', 



,0byGOO»^IC 




APPUCA.TI0N3 OF ALGEBRA TO GEOMETRY. 285 

rg' = o. For DO - (- »), we liaye DO x OE = DO (OA + AE) = DO (OA + DO) 
= (_ iff) {p — !c) = r(l, o\ n? ~ px ~ r^ = o. 

Observe tbat in the first case the negaliye root is numerically greater than 
the positive ; while it is tlie reverse in this form. This agi'ees witli the conclu- 
Biona of algebra (See Complete School AnjBBBi, 10^). 

Third Form, d? ~ jxc + rq' = o.— 
Draw any two lines, as ONI, OP, meet, 
ing at 0. Take OA = jj, OB = r or q', 
aud OC = t" or r. Erect perpendiculars 
Hi tlie middle points of OA. and BC ; 
and from ttieir intersection F as a cen- 
tre, with a rattias FB, strike a circnm- 
ference. Then OE and OD are the 
values of x. For OE - (r, OE x OD = 
DE X EA = OE (OA - OE) = x{p - *) p^^ 439, 

= rg', or x^ ~ pa + vq' = o. For 00 

^ a;, OD X OE = OD (OA - AE) = OD {OA - OD) = s (p - ») = rif, or *' 
— pB + rs' = 0. 1 

Observe that the former value of w is greater llian the latter, but liat neither 
is negative. 

So also, we may readily see that the roots may become equal, and also, im- 
aginary. TJius if tlie circle were tangent to OA, the roots -would be equal, and 
if it did not touch OA ibey would ho& be imaginary. (See Algebra, as 
above.) 

FoUKTH Form, ib' + pr + rg* — o,— The conslmction is the same as the 
last, only both values of s are negative. Thus, {— ai) \p — (— xj] = (— a) 
{p + x) = T^, — jw — a^ — rg' = o, orif' + jro-i- vq = o. 

ScH. — Thus we see that we can construct any equation of tlie second degree 
containing but one unknown quantity, which has real I'oots, Hence, if tlie al- 
gebraic solution of a geometrical problem requires only the resolution of sucli an 
equation, the algebrdc solution will lead to the geometrical construclioa. 

S33- We have now given snfRcient illustrations of this most in- 
teresting and important subject, so that the student should have 
caught the spirit of this method of using algebra to subserve the 
purposes of geometrical investigation. We shall simply append a 
list of problems, upon which the student can put in exercise both 
his algebraic and geometric knowledge. But we cannot refrain 
from repeating the advice, that the learner should not rest satisfied 
with the mere algebraic resolution of the problem. lie should be 
ambitious to tr^eo, as fully as possible, iho, wonderful relations which 
exist between the abstract operations of algebra, and the more con- 
crete relations of geometry. 
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EXERC18E8 I^f QEOMETiaCAL IKVEKTIOS. 




834- Given the perimeter of a right angled tri- 
^ angle' and the radius of the inscribed circle, to de- 
termine the triangle. 



FiQ «o '' S33. Given the hypotenuse of a right angled 

triangle and the side of the inscribed square, to de- 
termine the triangle. 

836. In a right angled triangle, given the radius of the inscribed 
circle, and the side of the inscribed square, the right angle of the 
triangle constituting one angle of the square, to determine the 
triangle. 

Sug'6.— Letting X and y be the skies, ^ the hypotenuse, r the radius of the 
inscribed circle, and b the side of the inscrilied squai-e, -we have s = — ^' 






837- In any triangle whose sides are a, b, c, to find the radius of 
the inscribed circle. 



838. Show that the area of a r 
nrcle whose radius is 1, is 3. 



;ular dodecagon i 



83Q. Find the . 
whose side is a. 



:ea of a regular octagon 
Remit, 3 (V^ + 1) «". 



84:0. Find the radii of three equal circles de- 
scribed in a given circle, tangent to the given 
circle and to eaeb other. 



841. The space between three equal circles tangent to each other 
is a ; iwhat is the radius ? 

842. In a triangle, given the ratio of two sides, and the segments 
of the third side made by a pei-pendicular let fall from the angle 
opposite. 



,yGoo»^lc 



APPLICATIONS OF ALGEBBA TO GEOMETRY. 287 

S43. In a triangle, given the base and altitude, and the ratio of 
the other sides, to determine tlie triangle, 

84:4i- G-iven the base, the medial line, and the sum of the other 
sides of a triangle, to determine the triangle. 

843. To determine a right angled triangle, knowing the perim- 
eter and area. 

Bug's, a* + S'* — J', » + y + J = 3p, and xy = 3s', give y ■¥ x=2p — s, 
a? + 2sy + ys = 4p* — ipz + s^, e' + 4s= = ip' — Apt + z' ; whence 
2 = ^!^^. Nowusey + iB = 3p-e = ^-^— ,anda!y = 3i'. 

846- To determine a right angled triangle, knowing the perim- 
eter, and the sum of the hypotenuse, and the pei-jiendicular upon the 
hypotenuse from the right angle. 

Bus's. !C' + y» = !?, K + y + s — 2p, s + M = a, xy = lu. Then 
^ + 2iEj + ^ = 4p' — 4ps + «' i wheacu 2j:y = ip' — ipe, and lieuce 
2s {a — z) = 4p — 4pE, etc. 

8d7- The volume, the altitude, and a side of one of the baseg of 
the fruetiim of a square pyramid being known, to determine a side 
of the other base, 

848. To determine a right angled triangle, knowing the perim- 
eter, and the perpendicular let fall from the right angle upon tlie 
hypotenuse. 

849. To determine a triangle, knowing the base, the altitude, 
and the difference of the other sides. . 

830- To determine a triangle, knowing the base, the altitude, 
and the rectangle of the other sides. 

8SX. To determine a right angled triangle, knowing the hypote- 
nuse and the difference between the lines drawn from the acute 
angles to the centre of the inscribed circle. 

Scg's, — Let fall CD a perpendicular upon AO produced. 
Now, since tJic llie angles BAG and ACB are Ijisecled,, 
and COD = OAC + OCA, and ICD = lAB, they being 
complements of the equal angles CID, lAB, we liave, COD 
= OCD, and CD = 00 = v'i CO. Hence, putting AC 
= h, CO = m, and AO = x + d,-ws have 

{x + d + \/ixy + ^-^/i xf = hK From tills 
The student should then be able to cuniplete the solnlinu. 
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8S2. Given two siclee of a triangle anil tlie bisector of tlieir in- 
cluded angle, to determine the triangle. 

8S3- Given the three medial lines, to determine a triangle. 

S54. Given the three sides of a triangle, to determine the radius 
of the cu'camecribed circle. 

S3S. Four equal balls whose radius ia r ai-e placed on a plane so 
that each is tangent to the other three, thus forming a pyramid; 
what is its altitude ? 

836- Given the base of a triangle, the bisector of the opposite 
angle, and the radius of the circumscnbing circle, to determine the 
triangle. 

SuG'a— First to find ED =: .t. SiQce 
EM = ?■ — i/'" — *"' 't ""ay ^'^ considered known and 
put equal toe. We UienhaveDM = V' + *°i and also, 
DM X a = AD X DB = S» - x\ or DM = ^' ~ '^ . 




Whence y'e^ 



c is readily found. 



Culling ED = s, tlie student will have no difflcully ii 
proceediag with the solution. 



CHAPTER II. 

IKTRODUCTION TO MODERN GEOMETMY.* 



SECTION I. 



857- The term Locus f, as used in geometry, is nearly synony- 
mous with geometrical figure, yet having a latitude in its use which 
the other does not possess. The locus of a point is the line (geo- 



• WiUi strict propriety only the latk 
f?^, technically w called. Bnt, as the 
hitherto found place in our commou tt 



t The woiil Locus is 



eectioDB at thiachaplflt belong to the itodtm Qeome- 
euilre ebapter is compot^ed of matter which haa not 
l-booka, and the relative Importance of which la be- 
ll tlmei, the author has ventured to embrace the whole 
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metrical figure) generated by the motion of the point according to 
some givea law. 

In the same manner, a enrface is conceived as the locua of a line 
moving in some determinate manner, 

Ill's. — The locua of a point in a plane, which point is always equidistant 
from llie extremities of n given riglit line, is a siraiglit 
line pcrpeudiculai- to thu given line at ils midtlie point. 
TliuB, suppose AB a fixed line, and Hie locus of a point 
equidistant from its extremities is required; that point 
may be anywiiere in a perpendicular to AB at its mid- 
dle point, aild cannot be anyvjlwre else in this plane. p, — 
■ TLia pei-pendicular is the locua (place) of a point 
subject to the given law. 

Again, a boy on the green isrequired to keep at just 
20 feet from a certain stalte; where may iie be found? ^^^ ^^ 

i. e., what ia his locus (place) ? Evidently, the circum- 
ference of a circle whose radius is 30 feet. Thus, ilio locus of a point in a plane, 
eqaidistant from a given point, is tlie circumference of a circle. This is tiio 
place of such a point. 

What is the locus in space of a point equidistant from a g^ven point? 

What 13 Hie iocns of a point in space equidistaat fixim the extiemities of a 
given line? A plane. 

Wliat Is the locus of a line moving so that each point in it traces a right line ? 
In general, a plane ; if it move in the direction of ils length, a straiglit line. 

"Wliat is flic iocns of a right line parallel to and equidistant from agiven line? 

What is the locus of a right line intersecting a given line a 
angle? • A conical surface of revolution. 

What is the locus of a semicircle revolving on ils diameter ? 



PROPOSmOHS AHD PROBLEMS IS DilTEBMIMNG LOCL 

[Note. — Tiie student sliould be required to give every demonstration in form, 
and in detail. Frequent exercise in writing out demonstrations, is almost the 
only meihod of securing a good, independent style in demonstration.] 

8S8. Tfieo.—TliB loetts of a point in a plane, equidistant from 
the extremities of a yiven line, ts a perjiendicular to that line at its 
middle point. 

Sco.— To prove this we have simply to show that every point in such a per- 
pendicular is eqwidistnnt fiom the extremities of the given line, and that no 
olher point has this pi-operty (Part II., 120). 
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8S9. Frob- — Find the Urns of a point at any cojtsiant dUtanc6 
m from a straigld line. Of what praposition in Paet II. is this the 
converse ? 

Suo'b.— To prove the proposition wliicli the answer to this question asserts, it 

will be necessary lo show that every puiut in tJie affirmed iocu3 is at tlie same 

(listauce from the giveu line and tliat no other point 

,p _ is at tliat dislimua. We afBrin that the loam is two 

right lines parallel to Ute given line and at a dUtariee 

m iherefr&m. The formal demonslratioa is as follows: 

Let AB he the given line, and OE, OE', peipendt'ciilars 

thereto, each equal to m. Through E and E' draw 

CD and CD' parallel to AB ; then is CD, CD', the 

Fio. 445. locus required.* For, by Part II. {136), mefy point 

in CD, CD', is at the dislauce m frani AB ; and we may 

■eadily show that any olher point, as P or P', is at a distance greater or less than 

a fromAB. Htucu CD, CD', is tiie iocus required. 

S(JO- TJieo- — In n circle, the locus of the centre of a chord par- 
allel to a given line is a diameter. 

DnsM. — Let mn be any circle, and AB a given line. 
Then is the locus of the centre of a clioM parallel to AB, 
a diameter of the cii'cle. 

For, let pH be any chord pai'sllel to AB. Through Ibe 
centre of the circle C, and P, the middle pouit of DH, 
draw EL. Now EL is pei'pendieular to DH (?), and con- 
Pie 44fi sequentiy to AB (?). Then will EL be perpendicular to 
any and eveiy chord parallel to DH (?), and hence wiU 
bisect such chord (?)- Therefore tUe locus of tlie centre of a chord parallel to 
AB is a diameter. 

Again, any point in Ihe circle and out of the line EL is not the middle point 
of chord parallel lo AB. TUns, letting P' be sucli a point, draw a cliord 
through P' parallel to AB. As there can be but one such chord (V), and as EL 
bisects it(?), P' is without the diameter (?). 

861. TIieo.—The locus of the centre of a circumference passing 
through two given points is a straight line. 

Sdg.— Consult Part 11. {159, 163, 107). The student should put the 
argument in fiu-m. 

862. Tfieo. — The locus of the centre of a circle which is tan- 

• Itiaimportoulthttl Ihe Miidont think of tlieee two linos aa one Iociib, orns ;«»■(« of (w« and 
the same locaa. it this will aid l.hu conception. A Iochb may consist of nny nnraliur of detached 
paria; all thatlsnecessary heing that the given coiiflltlons be fiilflllcd. In this respect the 
word iKus has B moio enlargeil meaning Ibau the term geometrimljlgiire. 
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gent to a given circle at a given point, is a straight line passing 
through the centre of the given circle. 

Dbu. — Let C be tbe centre of tlie given circle, 
and B the point in tUe ciriiiiraference to which 
tbe circle ■* shall be tangent, the locus of whose 
cenlreis required. Through B drawTL tnngent 
to the given circle. Now, a circlu passing tbTOugb 
B, and tangent to tbe given circle, will have TL 
for its tangent (?), and as a radius is perpendicu- 
lar to a tangent at its extremity, and only one 
perpendicnlar can be drawn to TL tUTOugh B, 
the centre of a circle tangent to the given circle 
line. Moreover, aa the given circle is tangent 
centre is in the perpendicular AX. Hence AX is tbe locus required. 

803. T/wo. — The locus of the centre of a circle of given radius 
R, and tangent to a given straight line, is two parallels to this line at 
a distance R therefrom, on each side. Give proof in form. 

864:- IProh. — Find tlie locus of the centre of a circle of given 
radius R, whose circumference passes through a given point. Give 
proof ill form. 

865. Theo. — The locus of the centre of a line of constant length, 
having its extremities in two fixed lines winch cut each other at right 
angles, is the circumference of a circle. 

Suo'B.— Let MM be the length of the 
^ven line, and CD, and AB, tiie two lines 
intersecting at right angles, in which tbe 
exU'emities of MIM are to remain. Now, 
in whatever position MN may be placed, 
its middle point, P, is at the same distance 
(^MN) from O (F). Toshowthat any point 
not in this circumference, as p, is not the 
middle point of a line equal 10 MN passing 
through it, and Jimiteil by tie fixed lines, 
from p as a centre, with a radius ^MN cut 
CD, as in C ; and fmm C as a centre with 
the same radius strilte the arc ^P. If p is 
within, less. Hence, the required locus is 3 
and whose radius Is ^MN. 




• O&Kcrve the form of esp 
term In a BW*'*' sense, ae fn 
Isngent to tlie gives circle at 



^liidlug all wLiclibava the 
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SGO- J*vob- — Fi7td the locus of (he centre of a chord of constant 
lenffth, in a given circle. 

Suo. — Wo say, once again, always give the 'proof in form. 

807- Prob. — Find the locus of the vertex of the right angle of a 
right angled triangle of a constant hypotenuse. 

868- Fvob. — Find the locus of the ?niddle point of the chord in- 
tercepted on a line through a given point, iy a given circumference, 
when the given point is without the circumference, when it is in, 
and when it is within the circumference. 

869. Ffob. — Find the locus of a point tJte sum of whose dis- 
tances from two fixed intersecting lines is constant, i. e^ is equal to 
a given line. 

,, SOLUTiOH. — Let AB and CE be tlie fixed 

lines, and m lie constant distance. Draw 
MN parallel 1o AB, and at a, distfince m. 
from it Bisect tbo angle CPN. Tliea ts 
LR (a part of) tlie locus required. For 
[the sttideut will here show that tlie sura 
of the distances from any point in MN lo 
AB and CE, as PD, P'D' + P'd', P"D" 
Fia.44B, + P"d", P"'D"', P"D- - P"d'", is con- 

stant and equal to m], observe tliat when 
one of the perpendiculars measuring Die distance froni a point in the locus, 
changes from one side to the other of tlie line on which it is let fill, its sign 
changes. Thtis P'D'.PD, P"D" being considered +, P'<f and P"''D">' are to bo 
considered — . This is a general principle in raatliematics. See Part H. (21S), 
and fuot note. 

Finally, LR is only a pai't of the locus, since tltere h another line on the op- 
posite side of AB, obtained, by drawing the auxiliary MN on that side, which 
ftilfills the same condition. Thestudenlshonldshow what the result is when we 
draw the auxiliary parallel to CE, and oa either side of it, also that any point 
not in one of these lines cannot fulfill the required condition. Tlie complete 
locus is four indefinite right lines intersecting eacli other at right angles, so as 
to inclose a rectangle, 

870. Frob.—Find the locus of a point such that the sum of 
the squares of its distances from two fixed points shall he equivalent 
to the square of the distance between the fixed points. 

871- jPtoT}- — Find the locus of (he intersection of two secants 
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the exiretnities of a fixed 
diameter in a given circle, one of the secants 
being always perpendieular to a tangent to 
the circle at the point where the other 
ctits it. 

Stjo's. P being llie point, show that PB = AB, 
for any position of AP and BP. Hence, any point 
in tlie circumference having B for its centre, ia\(\ 
AB for its radius, folfiils the conditions. Show tliat 
any point out of the circnmference does not fulflll tlie 
coudiUous. 




872. Proh. — Find the hens of the intersection of two lines 
drawn from the acute angles of a right 
angled triangle, through the points where the 
perpendicular to the hypotenuse cuts the op- 
posite sides, or sides produced. 

Sue's.— The loeua of P is required. Prove tlmt 
APC is always a right angled triiiuglH, wherever the 
perpendicular EF to the hypotenuse AC is drawn. 




Sf3. Prof*- — Find the locus of a point which divides a line 
drawn fro-m a fixed point to a fixed line in a fixed ratio. 

Sdgs — Most irohlema an finding loci such as are treated in Elementary 
Plane Geometry ^iz ngiit lines and circles are readily s hid 
hy constructing a few points according to the given conditinni 
■whence we can deteiinme by inspection whethei the required 
loras is a right line or the cucuiiilerence of a occle an t 
having discovered tins fact by inspection it ■Bill remaio o 
show wAy i! should be so Thus in the present problem i 
being the &\pA i uat, and AB the fi\ed line drawing i fen 
hues OC ace ii-ding to the rcquiiementa and dividing the n 
in the same ratio (in the figure 3 3) ^e And a few punts 
P in the locus We th(n discover at once tlat the locus i 
a n^ht 1 ue pjjallel to AB xnd tan ea ilj see Wv it ■'' c dd 



874. Prob. — Two fixed circumferences intersect: to find the 
locus of the middle point of the line drawn through one of the points 
of intersection and terminated hy its other intersection with the ch^- 
cnmferences. 
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Bug's.— We will fii-st give ftn e! 
student might take tu lib-efibrls t 




A, is also a point In the locus. 
AgaiD, lie observes liiat as B nii 
Bids A, aud when AC = AB, P in 



ample of tlie course which (be mind of the 
I discovei' tlieeolution. He would naturnlly 
draw two •unequal * circles, as M and N, 
and, through one of the points of inlersec- 
tion, as A, draw BC, and bisect it at P. It ia 
the locus of P tliat is desired. Now, sup- 
pose the line BC to rerolTe about A, B 
passing towards B', and C towards A. It is 
the path of the middle point that he seeks. 
"When C readies A, the line becomes tangent 
to N, and P is the middle point of the chord 
AB'. In a similar manner, he sees that the 
middle poiul of the chord AC, tangent to M 



!S towards M, andC towards N, P moves to- 
la at A. It now appears probable ihat the locus 
of Pisacircamferenco. Proceeding on this hypothesis, be reasons, tliat^ if this is 
true, AP' and AP" are chords of the locus, and, bisecting them with perpendicu- 
lars, he wilL have the centre of the locus. Locating O thus, he observes tliat it 
appears to be in the lino joining the centres O' and O", and about midway be- 
tween tliem. This leads him to see, wliether, by assuming tlie middle point of 
O'O" as the centre of a cirele, and OA as a radius, he can prove that any such 
line as BC drawn through A is bisected by tliis circumference, as at P. This 
ho ean readily prove by means of the perpendiculars OD, O'D', and 0"D",' 
which bisect the chords AP, AB, and AC, Tor, since these perpendiculars are 
parallel, and O'O — 00", D'D = DO" ; whence D'P = AD", and, adding AP 
to each, D'A = PD", or D'B = PD". Adding to BD', D'P, and D"C (= AD" =^ 
D'P), there resnlts BP — PC, and the hypothesis ia true. 

But, in gimng &w problem as a ivcitaiion, the student will proceed as follows; 
Letting M and N be the two fixed circumferences, intersecting at A, join their 
centres O' and 0", and bisect O'O" as at 0. With O as a centre and OA as 
a i-adius, describe a circle. Then is this circumference tiie locus req^aired. 
For, let BC be any secant line passing through A, we may show tliat P is the 
middle point of BC- [Having done this, as above, and shown that any point 
not In this circumference is not the middle of the' secant line passing through A, 
his solution is complete.] 

87d. Frob- — If the line AB is divided at cfi'id the locus of P, so 
that angle APC = angle BPC 

Sog's. — In mekmg for Vte iioluUon, the following would be a natural process. 
Drawing arty line, as AB, in the lower part of the figure, taking C, any point in 
it, and coneeimng BP and AP drawn so as to make e^uaianfffcs with PC, we 
would naturally discover that, if a circle were circumscribed about BPA, PC 
produced would bisect the arc below AB. Thus we discover a ready method 
of locating P;t. e., in (he main figure, bisect AB by a perpendicular, as ED, and 



bably h, 



i Bpecial L^tatLOn^. 
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piiasacircumferencethrongh AandB. Througli 
point in the locus (?). Any number of point? 




wHh any point on ED as a eeni 
D and C draw a line, and P is 
can be found in tliisway; and, 
having found a few, as P, P', P", 
P'", etc., the situation of tliese 
will suggest that, pivbtdly, the 
locus is the ciroumference of a 
circle wliose centre is in AB pro- 
duced. If this s/iould be i/iefact, 
CP' is a cliord of that circle, and, 
erecting a perpendicular at the 
middle point of CP', its inter- 
Bcction with AB produced, as 
0, will he the centre of the 
locus (?). We will now endeavor 
to prove that any point in this 
drcumference, as P', is so situated 
that BP'C = CP'A, and tliat no 
point out of this circumfer- 
ence has tliis pi-operty. We can 

readily show that the angle OP'B = OCP' — BP'C = OCP' - CP'A (?). 
P'AC = OCF - CP'A (?). ,-. Triangle OP'B is similai' to OP'A (?), 
OA : OP' ; ; OP' : OB, or OA ; OC :: OC : OB. Now, for an;/ point in thi 
ciiniference, as P, we shall have OA : OP r : OP : OC, since OP — OC, and OA, 
OC, and OB are constant. Hence, wherever P is taken (in this circumfe 
the triangle OPB is similar to OPA, angle ORB = PAB.and BPC = CPA. 
Finally, that no point out of this circumference possesses this property 
dent, since (lie distance of such a point from would not equal OC, and the 
angle OPiB (Pi being such a pohit) would not equal PiAB. 

S70- JPTob- — In a fivxd circle, any two chords intersect at right 
angles in a fixed point ; find the loczis of the centre of the chord join' 
ing their extremities. Give the proof. 

St7' Frob- — Mnd the locus of the point in space equidistant 
from three given points. Give the proof. 

878- Pvob- — Find the locus of the point in space equidistant 
from two given points. Give the proof, 

879- I'rob. — Find the locus of the point in a plane such that 
the difference of the squares of the distances frotn it to two fixed 
points without the plane shall he constant. 

Stro's. — Conceive the two points without the plane joined by a right line, 
and ft perpendicular to this line drawn from eitlier extremity of it ; the point 
whei* this perpendicular pierces the plane is a point in IJie locus (f). The re- 
quired locus is two parallel sliaiglit lines. 
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880- IProb.— Find the locus of the middle point of a straight 
line of constant length, whose extremities remain in two lines at 
right angles to each other, but which are not in the same plane. Grive 
the proof. 

881- Fvob. — Find the locun of the -point equidistant from two 
fixed planes. Give piDof, 



Bug's. — Consider, 1st, Wben the fixed plan 



■e parallel ; and 3d, when they 



882. Frob- — What locus is the intersection of a plat, 
surface of a sphere? Give proof. 



the inter-fection of the surfaces of 



883. Prob.— What locus i 
two given spheres ? 

88d- Frob. — Find the locus -of tlte point in space such that the 
ratio of its distance from a given right line to its distance from a 
fixed point in that line is constant. 



SECTION If. 

OF STMMETRY. 

885- Dbp. — Two points are said to be symmetrical with respect to 
a third, when the right line joining the two points is bisected by the 
point of reference, called the Centre of Symmetry. 

886. Def.— Two loci, or two parts of the same locus, are sym- 
metrical with respect to a point, when 
evei7 point in one has its symmetrical point 
in the other. 

Ill's.— In (a) P' is symmetricfti witli Pin re- 
spect to S, ilS 13 the middle point of PP'. In (6) 
we observe !hat the aemi-circumference Am.'B is 
Bymmetrical with the semi-circumference AmB, 
in respect to the centre S ; for any point P in the 
latter has a symmetrktal point P' Id tJbe former. 
In (c) the Itiangle A'SB' is symmetrical with ASB 
in respect to S (?). 
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887. Theo.—Tke symmetrical of a 
straight luic, with respect to a point, is an 
equal straight line. 

Spo's. — We commence by aasuraing A'S = 
AS, imd B'S = BS, and drawing B'A'. Wo then 
have to aliow that any point in AB, aa P, lias its 
symnieliical poiut P' iu B'A'. 



888- Theo. — The symmetrical of an angle, with respect 
point, is an egual angle. 



Sug's.— To show tlie symmetrical of AOB, with respect to 
S, takeA'S = AS, B'S — BS, O'S = OS, and draw O'B', O'A'. 
Then show that any point in. OA has its symmetrical in O'A', 
and any point in OB has lis eymnletrical in O'B'. Hence, 
A'O'B' is the symmetrieai of AOB, with lespect lo S. 

TliCD apply AOB to A'O'B' and show that these symmelrlcals 







88ft- Froh. — Having given a polygon, to 
draw its symmetrical with respect lo a yiven 
point. 

890- Tlieo. — Any polygon is equal to its 
symmetrical with respect to a gimn point. ^'°- ^^' 

Soo'a.^Proof by revolving ihe figure about S, koepiiig it in itsownpIauG, 
eacli line, as AS, ES, etc., passing through 180°. 

891- Dkf,— The lines AS, ES, BS, etc, ai-e radii of symmetry. 
892. Def. — Two points are symmetrical ■with respect to a straight 

line in the same plane, when the sti-aight line which joins them is 
bisected at right angles by the line of reference, called the Axis of 



893. Dep. — Two loci, or two parte of the same locus, are sym- 
metrieal with respect to a straight line when every point in tlie one 
has its symmetrical poiut in the other. 

Ill's.— Tlius in (a) P and 
P' are symmetrical points 
with Inspect lo tlie right 
Ime X'X, P's =: Pa and X'X -r- 
ia perpendicular to PP'. So 
tlie partof(6) above X'X is 
Bymmetilcal with the part (' 

below,i'.e., Ihe curve is sym- 
metrical witii respect loX'X. 



p„-£_P.^ 
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894. Theo. — The symmetrical of a straight line, mih respect to 
t rectilinear axis of symmetry, is an equal right Une. 

DBM.—Let AB be ai>y straight line, and X'X ilie 

P _£__? — [B axis. Let full the pei'penciicuiars As and Bs, and 

i produce them tUl A'» = As, and B's = Bs. Then Is 

J AB = A'B', the symiiieLrical iif AB. For, taking P, 

^1 an;/ point in AB, lettiDf; fall Ps, and producing it to 

i P'.tlio point P' is syTiiuielricnl with P; since re- 

?~p'~t^B' Tolviug sA'B's upon X'X, A'8' will coincide witli 

FiQ. 4U0. ^^' ^"'^ ^' ™^" *""" "^^ ^- ^'^"'^^ *'^' = *^- ^""^ 

every point iu AB lias its syiumetrical point ia, 
A'B' (S9S). 

803. Cob. 1. — If ttvo straight lines intersect, their symmetricals 
intersect, and the points of intersection are symmetrical. 



The student si 



d sliow how this follows from the proposition. 



896. Cor. 3. — Two rectilinear symmetricals meet the axis in the 
same point, and make equal angles therevnth. 

Student give proof. 

807- Def.— A Trapezoid like abb' a', liaying its noii-parallel sides 
eqiiiil, is ciilled Isosceles. 

898, Theo. — The symmetrical of an, angle, 
taith respect to a rectilinear axis of symmetry, 
is an equal angle. 

Stro'a. — The student should tie able fo give tlie dem- 
onsti'ation from the figure, in a inauiier BllO£Ctiier 
similar to Uie preceding ; or, drawing AB and A'B', he 
can base it upon the preceding. 

899- Prob. — Having given a poly- 
gon, to draw its symmetrical with respect 
to a given axis. 

900. Theo. — Any plane figure is 
equal to its symmetrical, with reference 
to a rectilinear axis. 
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901- De?. — Two loci in space, or two parts of the same loeua 
{planes or solids), are sjni metrical with respect to a point, when every 
point in one has a corresponding point in the other, snch that the line 
joining them is bisected by the point called the centre of symmeti-y. 

Ill's.— Symmetrical triedriils {Part II., 433) afford nn illustraUon of solids 
symmetrical witli respect to a point — the vertex. Tlie two hemiephereB into 
wliicli a great circle divides a sphere are symmetrical parts of the solid (sphere) 
Willi reference to the centre, 

902- Def. — Two points in space are symmetrical with respect to 
a plane called the Plmie of Symmetry, when the line joining tlio 
points is perpendicular to the plane and bisected by it. 

903. Def. — Two loci in space (planes or solids), or two parts of 
the same locns, are symmeti-ica) with respect to a plane when every 
point in one has its symmetrical point in the other, 

904:. Def, — The corresponding (sjmmetiical) pai-ts of symmet- 
rical figures are called Homologous pitrts. 



905. TheO- — TM symmetrical of a right line, vntlt respect to a 
plane, is an equal rif/ht line. 

Dem.— Let AB be any right line, and MN the plaue 
of symmetry. Let fall the perpendiculars Bfi, Ao, upon 
the plane, produce them, making B'b = Bh, A'n = Aa, 
and join A' and B'. Then A'B' = AB, and is its sym- 
metrical. For ABB'A' being a plane figure (?) aud ab, 
the intei'section of this plane with MN, being a right 
line bisecting AA' and BB' at right angles (?), we may 
revolve abB'A' upon ab and bring A'B' into coincidence 
with AB. Hence A'B' = AB. Again, P being any 
point ill AB, draw PP' perpendicular lo ob, and upon 
revolution P'will fait in P,and P'« - Ps. Hence.every 
jioint in AB has its symmeti'ical in A'B', and the latter yk. 46S. 

line is Hie symmetrical of the former. 

906. Cor. 1. — A right line and its symmetrical, toitli respect to a 
plane, pierce the plane at the same point 
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907. Theo.—Tfie symmetrical of a plane angle, with respect to a 
plane, is an equal plane angle. 
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Dbm. — Let AOB be any plane angle, and WIN the 
plane of symmetry. Let P be any point ia AO, and 
P' any point iu OB. Let 0' be liie Bymmelrical of O, 
P'ofP, and Pi'ofP, ;tbeui3 A'O' the symmetrical of 
AO, O'B' of OB, and angle A'O'B' of AOB. Wow by 
tlie preceding proposition the two triangles POP, and 
PO'P', are mutually equilateral, whence AOB = ila 
Bymmetrical A'O'B', 



—When will Uie triangle •pop' i 






QOH. Theo.—A7iy plane polygon has for its symmetrical, with 
reference to a plane, an equal j>ltii 



Sug's. — ABCDE being any plane polygon, and 
MN llie plane of syniiiietiy, by coustiiicting 
A',B',C',D',E' symmelrical with A, B, C, D, E, we 
hiiTe by Hie preceding propositions A'B'C'D'E' 
cquilatcnd and equiangular with ABCDE ; whence 
it only I'em^us to sbow that A'B'C'D'E' is a plane 
(not a warped) surface. Let F be aay point in tJie 
angle AED, draw HI, and let H' and I' be the sym- 
metricala of H and I (S05)- Draw H'l'. Then is 
the symmetrical of F iu H'l' (?), as at F'. Now, 
every point in HF within the angle BAE ]ms ita 
Bynimetrical h» H'F' [894). Thus, by taking three 
points, not in a straight line, in the angle BAE, we 
can siiow that their symmetricala are in the plane 
B'A'E', and also in A'E'D'. In like manner, all 
be shown to be in the same plane. 

909- Cor, — If two planes intersect, tJieir symmetricals intersect, 
and the two intersections are symmetrical right lines. 
The itndent eliould show how this giflws out of the piwposition. 
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910- Tlieo- — The symmetrical of a diedral is 
an equal diedral. 

Drm. AOB being the measure of the diedi-al A-OC-B, 
and A'-O'C'-B' llie symmetrical diedral, and O' the syni- 
nietrical of O, the symmetrical of AO being A'O', the angle 
A'O'C is right, and in like manner B'O' being the symmet- 
rical of BO, B'O'C is right. But BOA ^ B'O' A' (?), whence 
the diedrals are eqni^ 
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djf jE- Tlieo- — Two polyedrorts, symineirical 
with respect to a plane, have their faces equal, 
each to eadi, and their homologous solid angles 
symmetricoL 

Shq's. — This is an immediate consequence of preced- 
ing proposition a. TiiQs E' being tlie symmelrical solid 
lioiiiologoua witli E.tlie homologous plane faces incliul- 
iug tbem are equal {90S). Again, the facial angles 
being equal, but not similarly » 
are symmetrical, 

Fio. 4fft. 

0t2- CoE, — 2>£» symmetrical polyedrons can 
he decomposed into the same number of tetraedrons, symmetrical each 
to each. 

For we can decompose one of the polyedrons into telraedrons having for 
tlieii' common vertex one of the vertices of tliis polyedron, and each of these 
tetraedrona will have its symmetrical in [he otJier. 

i)13. Theo. — Two symmetrical polyedrons are equivalent. 

Dem.— Prom the last corollary it will appear that it is sufficient for the de- 
monstration of this proposition to sliow that two symmetrical tetraedrons are 
equivalent (?). Let S-ABC, and S'-ABC be two tetraedi'ons symmetrical 
with respect to their common base. They have a common base and equal alti- 
tudes (?), hence iliey ai'e equivalent, 

i>14:. Genbkai. Scholium. —We may speait of 
same locus, as symmetrical with I'espiect to a line 
points in one have symmetrical points in the 
other, even tliough the linu joining the symmet- 
rical points be not perpendieular to the axis, or 
the plane, of symmetry; observing, however, 
that Ihis line is always bisected by the axis or 
plane. Thas, the ellipse in the fgure is symmet- 
rically divided by the line X'X, since every point 
in one portion has a symmetrical point in the 
nl'ief, as P» = P'«, for every point in the cuiTe. 
In Eucb a case the parts cannot be brought into 
coincidence by simple revolution : one part must be reversed. 



J loci, or bvo parts of tiie 
plane, whenever all tlie 
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SECTION III 

OF MAXIMA AND MlimtlA. 

f)W. Tf^v.—A Maxitmim value of a magnitude conceived to 
vary coiitiiixiously iu some Bpecified way, is a ^■;llnc 
which is greater tliau tlie preceding aud succeeding 
values of the magnitude. 

Ill's. — Tlius, Suppose in a given circle, a chord passing 
tlinuigh a fixed poiDl, P, revolves eo as to talte successively 
tlie positions la, 3i, Ac, 3(?,4e,etc. It is at a maximum when 
it passes through tlie centre, as Ao. The chord is the magni- 
tude which is coueetved to vary in the way specified, and Ac 
is a value greater than tlie pi'eceding and tlie succeediuK 
values. Again, conceive a cia'de to he compressed or ex- 
tended, as in the direction mn, so as to take the forms in- 
dicated by the dotted lines, its area will be diminished, 
the perimeter reuiaiaing the same. That is, of all 
figures of a given peiimeter, the circle has the maxi- 




91.6- Def. — A. Jtrini-mum value of a magnitude conceived to 
vary continuously in some specified way, is a value 
which is less than the preceding and succeeding 
values of the magnitude. 

Ill's. — Thus, conceive the varying magnitude to he a 

straight line from the fixed point P to Hie fixed line X'X ; 

that is, suppose such a line to start from some position P 1, 

and move thiough the successive positions P3, PA, P3, P4. 

iince it is less than the pi'eceding and sncceeding values. 



PROPOSITIOSS COSCERNISG MAXIMA AND MISMA. 
91t. Aicioni- — T!ie minimum distaiice between tivo points is a 
straiglit line. 

918. Theo. — The minimum distance from a point to a line is a 
straight line perpendicular to the given line. 
Student give proof. 

910- Theo.—TIie maximum line which can be inscribed in a 
given circle is a dimneter. 
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Proof based on llie fact (hat Ihe hypotenuse of a right nngkd tiianglc is the 



020- TJieo. — TliQ sum of (he distances from 
two points on the same side of a Une, to a point 
in the line, all being in the same plane, is a mini' 
mum when the lines measuring ihe distances 
make equal angles with the given line. 

Student prove AP + BP < AP' + BP'. 




921. Theo. — If a triangle have a constant 
base and altitude, its vertical angle is a maxi- 
?nuni when the triangle is isosceles. 

Bug. — By what is tlie vertical angle measured ? 



022. Theo- — The iase and area of a triangle being constant, its 
celes. 



StiG's.— The area and base being constant, the vprtcx 
remains in a line parallel to the base, for all values of the 
other sides. The figure will suggest the tlemonsiralion, 
which is based on the fact that any side of a triangle is 
less than llie sum of the other two. 



033. Theo.— The difference hetiveen the distances from two 
points on opposite sides of a fixed line to a point 
in that Une, is a maximum, when the lines 
measuring these distances niai:e equal angles 
with the fixed U?ie. 

SuQ'B. P'O = AP - AP; but P'O > A'O {= A'P) 



Query.— Having the points P, P', and the fixed line 
given, how is the jwiiit A found by geometrical 



024. Theo.—Tlie lengths of two sides of a 
triangle being constant, the area is a maximum 
when the included angle is right. 
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923. Theo- — The sum of two adjacent sides of 
a rectangle being cojistant (AB), the area is a maxi- 
mum wlien the sides are equal. 



ISOPEBIMETRT. 

926. Isoperimetrie Figures are such as have equal perim- 
etera, i. e., bouncling linos of oqnal length. 

Problems in Isoperimecry are a species of problems in Maxima and 
Minima. Thus, of all fignres whose perimeters are vi (say 10 
inches), to find that which has the greatest area, ia a problem in 
isoperimetry. Again, what must be the form of a pentagon who8e 
perimeter is m, in oMer that its area may be a maximum ? 

i)27- Theo. — Of isoperimetrie triangles wiili a constant base, the 



ISOSCl 



s IS a maximum. 



SuG'a.^By means of the figure to Theorem (.921). we can readily show 
that any triangle haviug tlie same base as the isosceles triangle, and its vertex 
either in or beyond the line through tlie vertex of the iaoaceles triangle and par- 
allel to its base, has a greater peiimeter than the isosceles triangle. Honce, the 
isoperimelric triangle on the given base has its vertex below this parallel, es- 
cept when isosceles ; and consequeatiy the isosceles is Ihe maximum. 

038. CoE. — Of isoperimetrie triangles, ihe equilateral has the 
maxiinum area {?) 

020- Fvob. — Given any triangle 'tirith a constant hose, to coii- 
struct the maximum isoperimetrie triangle. 

9S0- Fvob- — Given any triangle, to construct the maximum 
isoperimetrie triangle. 

931. Theo. — Of isoperimetrie quadrilaterals, 
(he square has the maximum area. 

Dem.— Let ABCD he any quadrilateral. If AD ia not 
DC, the ti'iangle ADC can be replaced by the 
isoperimetrie triangle AD'C, and the area of the qnadri- 
lateral increased. So ABC can he replaced byAB'C. There- 
fore AB'C'D > ABCD. In like manner if AD' is not equal 
to AB' , D'AB' can be replaced by the maximum isoperi- 
metrie triangle D'A'B'. So also D'CB' can be replaced by 
D'C'B'. Therefore A'B'C'D' > AB'CD' > ABCD. Now, 
A'B'C'D' is a rliombits (?), and the student can show that 
the square on A'B' is greater than any rhombus with the 
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032. Frob. — Having given a qiiadrilaterdl, to construct the 
maximum tsoperimetHc quadrilateral. 

933. Theo. — Of isoperimetric quadrilaterals with a constant 
base, the maximtim has Us three remaining sides equal each to each, 
and the angles which theg include equal. 

Dem. — Let ABCD be the maximum isii perimetric qnadiilatei'iil a-a tlte base 
AD, then AB - BC = CO, and angle ABC = BCD. For, if AB is not equal to 
EC, di'aw AC, and replacing tlie triangle ABC wiih 
its isopcrimeiric isosceles Iriaiigle, we shall have a p 

quadrilateral isoperimetric with ABCD, aud greater 
a»an ABCD, i. e., greater than the maximum, whicii 
is absui'd. 

Again, if ant;le ABC is not equal lo BCD, lot ABC 
< BCD. whence BCE < EBC, and BE < EC. Take 
EF = EC, and EG = EB, whence the triangles FEG 
and BEC are equal, and FG = BC. Also, since AB !?■«- 4™> 

+ BC + CO - AE + ED - (EB + EC) + BC, and 

AF 4- FC + CD = AE + ED- (FE + EC> + FC, it follows that AFCD and ABCD 
are isoperj metrical, and, since ABCD = AED - BEC, and AFCD = AED - FEG, 
that AFCD and ABCD are equal. Tiierefore, AFCD is a maximum, and by the 
preceding part of tlio demonstration AF = FG = BC = AB, wliich is absurd ; 
and there can be no inequality between angles ABC and BCD. 

934- Theo.— Of isoperimetric polygons of a given numUr of 
sides, the regular polygon has the maximum area. 

Deu. — Firei, the polygon must be equilateral ; for, 
if any two adjacent sides, as AB, BC.are unequal, the 
triangle ABC can be replaced by its isoperimetric 
isosceles triangle, and thus the area of the polygon 
be increased. 

Second, the polygon must be equiangular; for, if 
any two adjacent angles, as B and C, are unequal, the ] 

quad.rilateral ABCD can be replaced by its isoperime- 
tric quadrilateral with B = C, and thus the area of the polygon 

933. Theo. — Of isoperimetric regular polygons, t. 
greater number of sides is the greater. 

Dem. — Let ABC be an equilateral (regular) triangle. 
Join any vertex, as A, with any point, as D, in the opposite 
side. Replace the li'iaagie ACD with the isosceles 
AED. Then is the quadrilateral ABDE > the triangle 
ABC. 

But, of isoperimetric quadrilaterals, the regular {the 
square) is the greater. Hence, the regular quadrilateral (the 
square) isoperimetric with the triangle ABC,is greater than 

20 
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the triangle. In the same maimer llie regular pentagon isoperimetric witli the 
square can be Ehowu greater tbaa the square; and thus on, ad libitum. 

936- OoK. — Of plane isoperimetric figures, the circle has the 
maximum area, since it is the limiting form of the regular polygon, 
as the number of its sides is indefinitely increased. 



SECTION IV. 

OF TEANSVEESALS. 

i)31l. Def. — A Transversal is a line cutting a system of lines. 
A transversal of a triangle is a line cutting its sides ;* it either cuts 
two sides and the third side produced, or the three 
sides produced. In speaking of the transversal 
of a triangle (or polygon), the distances on any 
side {or side produced) from the intersection of 
tlie transversal with that side to the angles, are 
Segments. Of these there are six. Adja- 
cent segments are such as have an ex- 
tremity of each at the aame point. Non- 
adjacent segments are such as have no 
extremity common. 
Ill's. TR is a transversal of the triangle 
j,^ ^gj ABC ; aA, «C, iC, SB, cA, eB are adjacent seg- 

menta two and two; aC, 6B,cA, and aA, bQ, cB 
are the two groups of non-adjacent segments, 

938. The two Fundamental Propositions ob the Theory 
OF Tkansveksals. 

939. Theo. — The product of three non-adjacent segments of the 
sides of a triangle cut by a transversal, is equal to the product of 
tlie other three. 

Dem,— ABC being cut hy the transversal TR, aA x 6C x cB — dC x SB x cA. 
Draw BD parallel to AC, and from the similar triangles we have 





ir Geometry as all linsa 

HosieobyGoO»^lc 



aA X iC X cB = aC x bB x eA. Whence -7= — -77-. iuid c and «' niiist coincide. 
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040- OOB. — Comrersely, 1/ three points be taken in tJte sides of 
a triangle (as a, b, c) such that the product 0/ three non-adjacent seg- 
ments equals the product of the other three, the points are in the 
same straight line. 

For, passing a line through a and i, let it cut the third side in &. Then, hy 
the proposition, oA x iC x e'B — aC k bB x e'A. But, by hypotlie^a 
cB cA 
" -7K'' 

SCH. — This theorem is known among matliematicians as 7^e Plokmaie Theo- 
rem, and is usnally attributed to Claudius Ptolemy, an Egyptian mathematician 
and philosopher who flourished in Alexaudria during the first half of the second 
century. But it is thought to he more properly due to J^nelaus, who lived a 
century before Ptolemy. 

041. Tfieo — TJie three angle-transversals* of a triangle, passing 
though a common point, divide the sides into seg- 
ments avch that the product of three non-adjacent 
segments equals the product of the other three. 

Dbm —From the triangle AGs cut by tho transversal «B, 
we have oA x CO x nB = AB x «C v.Qc; and ftom CBa 
cut by *A. Oc X ftC X AB = CO X dB X bA, Multiplying, 
we obtain aA xbC xcB = aC x 6B x cA. 

942. Cor. 1. — Coayersely, If the three angle- 
transversals of a triangle divide the sides into seg- 
ments such that the product of three non-adjacent " na, 434. 
segments equals the product of the oilier three, the 
transversals pass through a common point. 

For, the sides being divided at a, b, and e, so that oA x 6C x cB = «C x SB x 
oA, draw Ce, and A6, and let be their intersection. Now, let a' be the point 
in wlxicli BO cuts AC. Then, by the proposition, a'A x iC x cB = a'C x 6B x cA. 

Whence -7^ = ^7-. and a and a' coincide. 

Q43. Cor. 2. — If any one of the sides is bisected, the line joining 
the other points of division is parallel to this side. 
For, let iC = 6B, ThenoA x iC x cB = (iC x 6B x cA, becomes 

«A X cB = aC X cA ; or Art : aC : : Ae I cB, 
QiiERY.— How does this apply to the second figure ? 
944. Cor. 3. — If the line joining two points of division is par- 
allel to the third side, the latter side is bisected. 

* The ttanB-vciEnis passing Uirougb tlie angtea. 
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i, wlience aC x bB — bC x aA, 

943- We will now give a few problema to illustrate the use of 
the theory of transversals. 

946- Frob- — To shotp that the medial lines of a triangle pass 

through a common point. 

o// \s Solution.— Since o A =aC,bC —bB,andcB — cA, by mul- 

y>^i^^~^ tip'yiig. we have «A x SC x cB = aC x 6B x cA ; whence 

f s by the last corollary these transversals pass through a com- 

947- J*rob.—To show that tlie bisectors of the angles of a tri- 
angle pass through a common point. 

Solution. — Iti the last figure let aB, 6A, eC be llie bisectors. 

flA AB 6C AC cB CB , . , . ,jA x SC x «B , 

T'^^° ^ = CB' ii ^ AB' M ^ AC ' "^"It'Ply'-S. „c X ^B X .A = ^' °' 
aA X 6C X cB = isC X iB >i eA, Tlicreforc Uitsc tronsversala pass through a 

94S- Frob. — To show that the altitudes of a triangle pass 
through a common point. 

Sua's.— In thelastiigiire, if aB,SA,fiC, were the perpendiculars, there would 
, , ., , , . . «A AO ftC CO cB OB 

bo three pin-s of similar tn^uigles g^vmg j^ = BO' ^ = AO' ^ = CO ' 
whence, as in the last. 

949. Frob. — To shots that the angle-transversals terminating in 
the points of tangency of the sides of the triangle with its inscribed 
circle, pass through a common point. 

Sifo's.— In the last figure, if a, b, e were the points of (angency we should 
have aA = cA, 6C — aC, cB^bB; whence aA x bC x sB = aC x bB x cA. 
Which sliows that the transversals pass throngh a common point 

50. T/ieo- — If two sides of a triangle are divided proportion- 
ally, starting froire the veriex, the angle-trans- 
versals from the extremities of the other side 
to the corresponding points of division, in- 
tellect in the medial line to this third side. 

I>EM.— Since AC and CB are divided proportion- 
ally at a and a', aA x a'C = aC x a'B ; and as 
DB = DA, uA X «'C X DB = aC X a'B x DA, 
Fi«. 488. the angle- transversals Ais', Ba intersect in CD. 

The same may besbownof anyothor anf^le- transversals from A and B, dividing 
CB and CA proportionally. 
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931. CoH. — In any trapezoid the transversal passing through 
the intersection of the diagonals, and the intersection of the non- 
parallel sides, iisects the parallel sides. 

Sua. — Joiniug aa! in the last figure, CD is such a transversal. The student 
will readily see the conneclioa with the proposition. 



952- Prob- — TJirougli a given point to draio a line which shall 
meet two gioen lines at their mterseUion in an invisible, inaccessible 
point 

SotniroN — Let Mm Hn be tlie two 
giren hacs which mtet in the jnvisil le 
inaccessible point S ind P Hie given 
point thiough which a, line is to bolo 
tated which will meet Mm Nra in S 
Thiough P draw any ccnvenient trins- 
vrsal as BF «inil any othei meeling this, 
as AF. Now, considering MS as a trans- 
vprsal of the triangle CDF, we liave 
AF X BC X SD = AD X BF X SC i wlienco 
SD AD X BF „ ,,^ , . 

parallel to BF, we have 

whence HD is Itnown, as AD, BF, PC, AF, BC caa be measured. The point 

and H determine the required line, 

953- Def. — The Complete Quadrilateral is the figi 
foimed by foiu lines meeting in six 
points The complete quadrilateral 
h<iS three dngonals. 

Ill — ABCDEF is a complete quadrilat- 
cri.1 and its du^nali are CF, BD. and AE, 
(lie Ixlter being apuken of as the third or 
extenoi diagonal 




HD_Sp_AD > 
PC ^ SC ~ AF ■; 




954. Theo.—The middlepoinis of the three diagonals of acomplete 
quadrilateral are in the same straight line. 

Dem, — in, M, c being the centres of the diagonals of the complete quadrilat^ 
eral, in the preceding figure, are in the same straight line. Bisect the sides oi' 
the triangle FDE,as at I, N, L, and draw IN, IL, LN. Since IN is parallel to BE, 
and bisects DF and DE, it also bisects DB (?) and hence passes (liroiigh n. For 
lilte reasons IL passes through m, and LN through o. Now, AC being a trans- 
versal of the triangle FDE gives CD x BE x AF ^ CE x BF x AD. Therefore, 



,0byGOO»^IC 




dlU INTBODUCTION TO MODERN GEOMETRY. 

nolicing tliat iCD=ml, ^BE = mN. ^AF = pL, ^C^ = «jL, iBF = nl, and 
^AD — oN. we have ml x nH x oL = mL x ni x oH. lleuce tliese thr«e poiata 
»*, w, tj lie in a Iransyersal lo the triangle ILN. 

95t>. Theo. — In the cmnpUie quadrilateral, any diagonal is 
divided harmonically by the other 
two. 

Dem,— -Thug, AFH is divided harmoni- 
cally at G and H. For, consideiing BH as 
i. transversal i)f tlie tiiangle ACF, we have 
HF X DC X BA = HA X DF X BC. And 
CC, AD, FB being angle-transversalsof the 
^"''- *"■ same triangle, we have CF x BA x DC = 

CA X BC X DF, Whence, dividing, ^ — ^, le., AH is divided harmonically. 
Again, if CM is drawn, CA, CG, CF, CH constitute a harmonic pencil, and BH a, 
trail svei'Siil of it, is cut harmonically at B, I, D, H. Finally, if F and I he joined, 
FH (or FA), FB, Fl, FD conslitule a harmonically, and hence CC ia cut harmoni- 
cally at C, I, E, G. 

OSO. Cor, — An angle-transversal of a triangle, and a line passing 
through the feet of tlie other angle-transversals, di'vide the third eide 
harmonically. 



SECT/ON V. 

HAEMOSIC PROPORTION AST) IIAEMOSIC PESCILS. 

957- Deb, — Thiee j ant t es are in ffarmonic Proportion y/hen 
the diiference between tl e first and second is to the difference be- 
tween the second an 1 thud is the first is to the third. 

111.— e, 4, 3 aie n 1 arn on c [ oportion, since S-4:4-3:;G:3. In gen- 
eral, »,6, care in harmon cjroi orl on, if « — b : b — c::a :c. 

958. Theo. — If a given line be divided internally and externally 

in the same geometric ratio, the distance between the points of division 

is a liartiion-ic mean between the distances of these points from the 

extremity of the given line, not included between the points. 

Dem. — Let AB ho the given line; and let and 0' be so taken that 

AO : BO ; ; AO' : BO' ; then is 00' a har- 

: — ■ -g ^, — nionic mean lietween AC and BC. For 

AO = AO'-00'. and 80= 00' -BO'; 
F'H. 490, whence AO', 00', and BO' are such that 

AO - OC : 00' -BC ; : AC' : BO', that is, they are in harmonic proportion. 
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939. Cor. I.-t-aO, AB, and AO' are in harmonic proportion,, i.e., 
AB is a /tarmonic mean behaeen AO and AO'. 

For AB - AO (= BO) ; AO' - AB (= BO^) : : AO ; AO'. 

960. Cor, 3. — When AO, 00', BO' are in harmonic proportion, 

AO X 60'=:: BO X AO'. 

961. Cob. 3. — Conversely, Wtien a line is divided into three parts 
such that the rectangle of the extreme parts equals the rectangle of the 
mean part into the whole line, the line is divided harmonically. 

Thus, letAO' he the line, and AO x 
whence, by the proposition, 00' is 

Def, — The points and o' are called Harmonic Conjugates. 

963. Theo.—-If two lines he drawn, otie bisecting the interior and 
the other the adjacent exterior angle 
of a triangle, and meeting the op- 
posite side,* they divide this line har- 
monically. 




■ StiG:— By means of {358, 359, Part 
II-) tlie student will be enahlcd to pstahlish 
the relation AO : BO : : AO' ; BO', whenco, 
by the last prnposition, AO, 00', AO' are in harmonic proportion. 

963. I*rob. — Given a right line to locate two harmonic conjugate 
points. 

BoLCTiON. — Let AB be the line. may be taken, at pleasure between A and 
B. We are then to find 0', so that AO : BO : : AO' ; BO'. Taking this by di- 
vision, we have AO - BO : BO ;:AO'-BO'{=AB):BO'. The first three terms 
being known, the other can be constructed. Or, we may tirst locate C at 
pleasure, and then find O. 

964:. Theo. — If from the given point C in a line the distances 
CO, CB, CO' be taken in the same dt- ^ — g 5 l ^^ 

rection, so that CO x CO' = CB* ; and if ^^^ ^^ 

CA = CB be taken, in the opposite di- 
rection, AO' will be divided hai-monicaUy at and B. 

Dem, — From CO x CO' = CB', we readily write CO : CB ;;CB: CC, 

CB + CO (= AO) : CB - CO (= BO) : : CO' + CB (= AO') : CO - CB (^ BO")- 
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963. Cofi. 1. — Conyersely, If a line AO' he cut harmonically ai 
and B, and either of the harmonic means be bisected, as AB at c. the 
three segments CO, CB, CO' will be in geometric proportion. 

For.siaceAO': BO':: AO; BO, AG' + BO' : AC - BO' : : AG + BG:AO-BO, 
or3CG':ace;;3CB:2CG, andCO': CB::CB:CG. 

966. Cos, "2. — In a given line, as AB, as o approaches the centre 
C, 0' recedes, and when is at c, 0' is at infinity, since CO' = gl- 

967. Theo.—The geometric mean between two lines is also the 

geometric mean between their arith- 
metic and harmonic means. 

Dem.— Let AO' and BO' be tlje two lines. 
On tlieir difference, AB, diaw a semicircle, 
diaw the tang-eut OT aud let Ml tbe perpen- 
dicular TO. Then iiod 0' are liannonio con- 
jnpateB, since CO >: CO' = CB'' (?), CO' is the 
niitlimelic mean (that is, ^ the a\im) of AO' and BO' (?) and TO' is the geometric 
mean(?). .-. AG' :T0' : ;TO':BO' (?). 

QuBRTEs.^ Which, is the greatest, in general, theaiithmetie.geometric.or har- 
monic mean between two quantities E Are they erer equal? 

06S. ScH. — TJds proposition affords a ready method of finding either of Ilie 
harmonic conjugates O or C, when the other is given. Tiio student will siiow 

9G9. Cor, 1. — The rectangle of the harmonic means and the sum 
of the extremes, is equivalent to twice the rectangle of the extremes. 

For, CO' X 00' =fO''=^AO' x BO', whence SCO' x 00' = 2A0' x BO'; and, 
since SCO' = AO' + BO', <A0' + BO') x 00' = SAO' x BO'. 

970. Cor. 3. — The rectangle of the harmonic mean and the dif- 
ference of the differences of the \st and Und, and the %nd and Zrd, 
is equivalent to twice the rectangle of these differences. 

That ia, 00' x [lAO' - 00') ~ (00' - BOO] = 2 (OC - AO') (00' - BO'), 
or 00' X (AO - BO) = 3A0 x BO. Let the student give llic proof. 

971. OoE. 3. — If three quantities are in harmonic proportion, 
their reciprocals are in arithmetic proportion (i.e., the difference be- 
tween the lat and 2nd equals the difference between the Snd and 3rd). 



° AO'' 00'' BO"'' 
AO' - 00' AO ,1 1 GO' - 



For, from AO', 00', BO, we have the reciprocals ^^. frfr/ ^,. Now 
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^ = B-0-, (?Mnd . 



AO' ~ BO' " 



00" 



OyS, Prob- — Given the harmonic mean and the difference le- 
tween the extremes, to find the extremes. 

Stjo'b.— We have 00' and AB, {Mg. Ai-t. ) given. Tten CO x CO' 
- CT^ = iAB*, and CO' — 00 = 00', whence CO'' - 00' x CO' =; iAS". 
From tliis equation CO' can t>e constructed ( ), and the problem solyed. 

973. Theo. — When two circles cut each other orthogonally («. e., 
so that the tangents at the common point are at right angles), any 
linepassing through the centre of one, 
and cutting the other, is divided har- 
tlie circumferences. 



Dbm.— Tho taogenia being perpend lewlar 
!o each oilier pass through the cenU'es, 
hence CO x CO' = CT*. But CB = CT. 
Therefon; AO is cut harmouicaljy. 




974:. Prob- — To find the altitude of a triangle in terms of the 
radii of the escribed circles touching the adjacent sides. 

SoLnTioN. — Let r and r' be the radii of the 
escribed circles, and p the altitude. Now RT, 
AT, and QT are In harmonic proportion ; since, 
considering the triangle ACT, CQ bisecia ita in- 
teiior and RC ita exterior angle (?), we have 
QT : QA ; : RT ; RA. But r, p. r'. sustain the 
same relation to each other as RT, AT, QT; 
hence r, p, r' are in harmonical proportion. 
Therefore, by ( ) p{r+r') ~2rT';0Yp — ^, 




HARMOJfIC PEKCILS. 

f)75- Def.— .4 Pencil of hncs is a series of lines diverging 
from a common point. 

Def. — A Harmonic Pencil is a pencil of four lines cutting 
another line harmonically. 

- lLL.~In the following figure OA, OB, OC, OD constitute a SaTmonic PenerZ, 
since they divide the line mn, harmonically at A, B, C, D. 
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970. Tlieo- — A harmonic pencil divides harmonically every 
line which cuts it. 

Dem.— OA, OB, OC, OD being a harmonic pencil, that is, AB, BD, AD, being 
in liancoaic pi'oportion, A'D', any other line 
cutting Ihe pencil, is divided hannonically, so 
that A'B', B'D', AD', are in harmonic propor- 
tion. Through C and C draw parallels lo 0^ 
as LK and L'K'. Now, from similar trianirle; 
AB:BC::AO i CK, and AO : CL : : AD :\l 
But AD : CD : : AB ; BC, emc« AD is hariiioiii 
cally divided. Hence AO : CK :: AO : CL, ami 
CK = CL Hence from similar triangles 
CK' = CL'. Again A'B' : B'C :: A'O' : C'K'(?), 
and A'D' : CD' : : A'O ; CL' (= C'K'l (?), whence 
AB' : B'C : : A'D' : CD', or AB', B' D', CD' 
are in harmonic proportion. 

ScH.— If the line ttirougii C cut the prolongation of AO beyond 0, it is still 
harmonically divided ; and, in fact, it is scarcely necesaary to make tliis state- 
ment, eiace in all general discussions lines are to be considered indefinite, un- 
less limited by hypothesis. 

977- Def, — The alternate legs of a harmonic pencil are called, 
conjugate, as OA and OC, OB and CD- 

978. Theo. — If two conjugate legs of a harmonic pencil be at 
rigid angles, one of them bisects the angle included by the otlier pair, 
and the other the supplement of this angle. 

Sirs. — This is the converse of < ), remembering that the bisectoi's of two 

adjacent supplemental angles we at right angles. 



SECTION VI. 
AKHARMOSIC RATIO. 



979. Tys-F.—The Anharmonic Hatio "of four points in a 
right line is the ratio of the rectangle of the distance between the 
first and fonrth into the distance between the second and thii-d to 
the rectangle of the distance between the first ai]d second into the 

distance between the second and fonrth. 
A 5 c b 

„ .„ III. — The anharmonic I'atio of the four points 

'"■ A, B, C, D is AD X BC : AB K CD. 
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i)80- The relation AD x bc : AB x CD is expressed for brevity 
[abcd]. 

III.— Thus [ABCD] means AD x BC : AB x CD ; [ADBC] menus AC x DB: 
AD X BC; [BACDl meaus BD x AC;BA x CO; tic. Tbo ratio [ABCD], or 

AD X BC r AB X CD ia evidently the same as ^ : ^^. 

9S1. Sen. — The appropriateness of tlie term anJiarmonie (jio(-iiarmniiie) 
will be seen wlien we observe that, if AD ib hai'nwnieaUy iiviAed, gg*9""^c5- 

If, therefore, g^ is «o< equal to p^, which is the general case of division, irre- 
spective of (lie position of the points B and C, we may consider (he ralio of 
Sc'^'cD* This genera] ratio, or, what is the same thing, AD x BC : AB x CD, 
is called the anharmonic ratio. 

983- Theo. — TJie aiiharmonic ratio of four points is not changed 
by int0r(jtaiigmg ttvo of the letters, provided the otlter tioo be inter- 
changed at the same time. 

Dem. [ABCD] = [DCBA] = [BADC] = [CDAB], I e., AD >; BC ; AB x CD 
= DA X CB : DC X BA = BC x AD : BA x DC = CB x DA ; CD x AB, which 
are evidently identical. [The stutlent shonld notice the different segments of 
the line indicated by the different forms.] 

9S3. ScH.— But [ACBD] is a different anharmonic ratio ftom [ABCD] ; since 
AD X CB : AC X BD is not necessarily equal to AD x CB : AB x CD. Now, m 
there can be twenty-four permulations of four letters, there may be formed six 
different aaliariiioiiic ratios from, four given points in a line. 

084. Theo. — If a pencil of four lines is cut by any transversal, 
the anharmonic ratio of the four points of intersection 
is constant. 

Dem. SL, SM, SN, SO. or, as we may read it, S-L,M,N,0, 
being such a pencil, and AD any tmnsversal, draw through 
C NP parallel to SO. Then, 

' 5 BC:AB( ., (CN:AS 
* AD ; CD I ■ ' ) AS ■■ CP 
But CN : CP is consfant for all positions of C on SM. There- 
fore AD, X BC : AB X CD is constant for any transversal. 

985- SCH,— Other constant ratios may be wi'itten from the preceding prop, 
ositioa and scholium. The anharmonic ratio [ABCD] is called the anharmonic 
ratio of the pencil. The angles of the pencil are the six angles included by the 
rays. 



<BC.Aa.CD„ =-■"= ::-■;" p.CN.CP. 
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-If two pencils are midually equiayigtilar their 

anhannonic ratios are equal. 
Qdeet. — la the converse of this corollaty true ? 
j^^TL^ &St- Cob. 2. — If two pencils Itave tJieir inter- 
■"^ sections in tJie same right line, their anharmonic 

ratios are equal 

988. DEF.^The anhannoiiio ratio of four 
points on the circumference of a circle is tlie anharmonic ratio of 
the pencil formed by joining these points with any 
point in the ciroumteience 

III. — Thus, the anharmonic iati>of the ikiiqIs A, B, C, D is 

the anharmonic ratio ot the pencil 0- A, B.C.D, it being im- 

where in the ciicumference tlie point O is taken, 

e by Cob. 1, preceding theiatio is the same for any posi- 

ofO(?). 

989. Theo. — If four fixed fuJigents to a circle are cid iy a fifth, 
the anhamwrm. ratio of the four points 
of intersection, called the anharmonic 
ratio of tlie tangents, is constant. 





Dem. a, B, C, D being the fixed points of 
langency, auy transversal, as TV, cutting the 
tnngents, has the anharmonic ratio [LMNP] 
Fio.SOl. constant. For the pencil 0-L,M,N,P has its 

angles constant. Tlnig LOM is measured by 4- arc (AX — IX) = |AB, whlcli is con- 
stant. And in like manner WION is measured by i arc BC, and NOP is measured 
by i arc CD. Hence, by the first of the preceding corollaries, the anharmonic 
ratio [LMNP] is constant 

.9.90. The theory of anharmonic ratio is applied with great facility 
to the demonstration of theorems showing that several points are 
ill a right line, and that several lines intersect in a common point. 
"We give three specimens of each class. 

991. Theo- — If two pencils have the same anharmonic ratio 
and a homologous ray common, the 
intersection of tlie other homolo- 
gous rays are in the same right 
line. 

Dem.— Let S-A,B,C,D and S'-A',B',C',D' 
be two pencils having the same auhai'Uiouic 
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ratio, and the rays be SA.S'A coincident; then the intersections E,F, H are in Hi e 
Bame right line. Let the line passing through E and F intersect SA in K, and su]!- 
pose it iniersect SD in H', and S'D' in H". Tiien, since the anharnioaic ralioa 
of the two pencils are equal [KEFH'] = [KEFH"] ; wlience H' and H" are tiie 
same point, and must be tlie intersection <if tlie two lines SO, S'D', that is, H. 

992. Iheo. — If in two right lines four points in tlie one Tiave 
the same anharmonic ratio as four points in the other, and one ho- 
mplogo%i8 poiiit in cwnmon, the three lines passing through the other 
pairs of homologous points meet in a common 

point. 

Dkm.— Let Abe common, and [ABCD] = [A'B'C'D']. 
Draw SA and SD'. Call the point in which SD' 
cuts AL D" (for Uie time being). Then [AB'C'D'] 
= [ABCD"]. Bnt by hypothesis [AS'C'D'J = [ABCD]. 
Therefore [ABCD] = [ABCD"], and D and D" are one 
and tie same point. Hence the three hnes which Fia.BOS. 

pass througii B and B', C and C, D and D' meet iu a 
common point S. 

993. Theo- — If the lines passing through the corresponding ver- 
tices of two triangles imet in a covvimnpoint, the iiitmsedions of their 
homologous sides lie i» the same right line. 

Dem.— Let ABC and A'B'C be 
two triangles so situated that llie 
lines AA', 6B', CC meet in the com- 
mon point S ; tlien L, Nl, N, tlie in- 
tersectiODS of tlie iiomol<igoua sides, 
are in a right line. For the pencil 
S-1-, B, A, C being cut by the 
(wo transversals LD, LD', gives 
[LBAD] = [LB'A'D'] {984). But 
C-L,B,A,D, and C'-L,B',A',D', have 
these harmonic ratios, hence C-L, 
"0,M,N, and C'-L,0,M,N, their equiv- 
alents, imd having a common ray 
CC, have equal anharmonic ratios, 
and consequently L, M, N are in the 
same right line, by the last proposi- 




ti*^. Theo. — If the intersection of the corresponding sides of two 
triangles are in the same right line, the lines passing through their 
corresponding angles meet in a common point. 

Dem.— In the last figure, if AB and A'B', AC and A'C, BC and B'C have their 
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intei'sccUona in tlie same right line, aa LN, the lines passing through B and B', 
A and A', C and C meet in a common point, as S. By (OS 7) C-L,0,M,N has the 
same snharm.mic ratio aa C'.L,0,M,N, whence [LBAD] = [Le'A'D']. aad the 
truth of the theorem follows from (992). 



995. Theo.—The i 

their intersections in the s 



e sides of an inscribed hexagon have 

straight line. 

Dbm. — The aiiharmonic ratios of tlie 
pencils B-A,E,0,C,* and F-A,E,D,C be- 
iug eqnal ( ), LCDE, which intersects 
the fii'st, is divided in the same anhnr- 
monic ratio as NHDC, which cuts the sec- 
ond, or [LCDE] = [NCDH]. But these 
lines have a common homologous point D, 
hence the lines joining the other pah's of 
homologous points, as LN, CC, EH, meet 
in a common point, as M, Thercftu'e 
L, M, N are in the same right line. 

996. Sen.— This theorem is due to 
Pascal, whose wondei'ful achievements 
in his brief life of thirty-nine years (1633- 
1663) have been the admiratioa Of all suc- 
ceeding generations. 



997. Theo.-^The diagonals joining the opposite vertices of a cir- 
cumsoribed hexagon intersect in a 
common point. 

Dem.— Consider AB. BC, CD, EF four 
fixed tangents cut by ED and FA, Then 
[PNDE] = [AQMF](OS»). Hencelhean- 
harmonic ratios of B-P,N,D,E,» and 
C-A,Q,M,F are equal ( ); and since 
they have a common ray (CQ, BN) the in- 
tersections A, 0, D, of their homologous 
rays, are in the same right line. Therefore 
the diagonals pass thivugh a i 





u diawQ, wittioat encoiabexiug tbu figucs 
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SECTION VIL 

POLE AND POLAR IN RESPECT TO A CIRCLE. 

&Q8- Def. — If a secant to a circle be revolved about a fixed point 
in the plaae of tiie circle, the locns 
of the harmonic conjugate of the 

fixed point, in reference to the Jn- " 

tersections, is the Polar o^ the fixed 
point. The fixed point is the Pole 
of the Polar Line. The terms pole 
and polar as here nsed are correlative, 
and neither has any significance 
without the other. 

Ili.. — Let AP be a secant revolving abont 
the fixed poiDt P, and let C be e« taken that 
(in every posicion) AC : CB : ^ AP ■ SP, iLen 
is ihe locus of C the Polar of P, and P is 
the Pok of tlie locus of C. 




999. Theo- — The Polar of a given point in respect to a circle is a 
right line. 

Dbm.— Let P be the pole. AP any secant 
passing through P, and a point in the polar. 
Tiie locua of C is requii'ed. Draw PL tiinjugli 
tlie centre, and let fall the perpendicular 
CC Draw AL, AH, ACT, and C'B. Since 
AC:CB;: AP: BP. C'P bisects the angle 
BC'F, the exterior angle of the triangle 
AC'S (?) ; hence, as LAH is a right angle, AL 
bisects NAC, the exterior angle of the Iri- 
angle CAP (?). Therefoi'c, PL is harmonically 
divided at C, and H ; and, C being a fixed 
point, and C any point In the locus, the locus fio. jos. 

is tlie perpeadicular TCC'V. 

1000- Cor. 1. — Since, as the secant revolves, the points A and B 
will vanish in C", C" is the point at which a tangent from the pole p 
touches the circle. 



1001. CoE. 2.— Drawing OC", C"P, 
= 0C' X OP. 




we see that oC"' {or oh' 
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1002. CoE. Z.— The polar of a point in the circumference is a 
tangmit at that point. 

For, as OC x OP is coaelant and equal to OH', OP diminislies asOC'in- 
creaaes, and when OP = OH, OC = OH also. 

1003. IProh.^To draw the polar to a given pole in respect to a 
given circle. 

Cob. 1 effects tlie solution. 



1004. JProb. — To find tliepole ofapolar to agiven circle. 



Through, the centre di'aw a perpendicular 
be able to complete the solution.] 



] the polar. [The student should 



1005- DEP.—The point c whero tlie polar cuts tlie line passing 
through the polo and the centre of the circle is called the Polar 
Point. 

1006. Theo.— The pole and polar 
point are interchangeable. 

Dem.— TV being the polar to P, we are 
to show that T'V, parallel to TV and pass- 
ing through P, is polar to C ; i.e., that any 
Bccant, Ha AC'C", passing through C, is di- 
vided Larinonicaily in ' 
the circumference, C, and the 
with T'V. Drawing AP, sin 
pole of TV, we have, as in the last demon- 
Btration, ani^le APB bisected by PC; aud 
consequently RPB bisected by PC". Therefore AC: C'B:: AC": BC". q. b. n. 




the 



1007. Theo.— -The polars of all the points in a right line pass 
through the pole of that line; and, con- 
versely, T/ie poles of all straight lines which 
pass through a given, point are in the polar 
of that point. 

Dem.— lat. TV being a given line and P its pole, 
we are to show that the polar to any point, as N, 
passes through P. Draw through P a perpendicu- 
lar to ON ; tlien P' is the polar point to N. 
For, OP : ON : : OP' : OB (?) : whence ON x OP" 
^0P>;0B = 0A'- Therefore, T'V is tlie polar 
of N (?). 2nd. P being any point and TV 
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Us polar, tlie pole of any line, as T'V passing through P, is 
Draw ON perpendicular lo T'V. Then, as before, 
ON X OP' = OP X OB^ OA'. and N is tUe pole of 
T'V. 

1008. Cob. — The pole of a straight line 
is the intersection of the polars of any two 
of its points ; and, conversely, The polar of 
any point is the straight line joiniiig the 
poles of any two straight Ums passing 
ihrotigh that point. 




KECIPBOCAL POLARS. 

1009. Def. — If two polygons be constructed, one within, 
inscribed in, a circle, and tlie 
otiier without, or eircumscribed 
about the same circle, ench tliat 
the yertiees of the one are the 
poles of the sides of the other, 
the two polygons are called 
Iteciprocal Folars ; and 
the circle is called the Auxiliary 
Circle. 

Thepossihility of consHncting 3uch 
polygons is appai'en t from the last the- 
orem. When tbe points P, P', P", P"' 
ai-e in ttie circumference, TV, TT', 
T'V, V'V become tangents, as appears from (1003). 

1010. Fvoh. — HuPing given one of two reciprocal polars, to con- 
struct the other. 

Tlio student should oe aoie to ma 




1011- By means of the relation between reciprocal polars a large 
class of propositions relating to the relative positions of lines and 
points, become, as it were, donble ; i.e., one proposition being proved, 
another can he inferred. The process by which the inference is made 
is called reoiprocation. We will give an example. 
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1012. Prob. — To deduce ihe reciprocal of Pascal's theorem 
(996). 

SoLtwiON. — Draw tangents at the sis ver. 
tices of the inacribed hexagon. Thus, a cir- 
cumscribed hexagon is formed whose sides 
are the poles of the vertices of the inscribed 
hexagon, through the vertices of which they 
respectively pass (lOOS). Now, cli'awiiig the 
diagonals PM, NQ, OL, they are the polars 
of the intersections of the opposite sides of 
the inscribed hexagon, as PM, polar to the 
intersection of DE and CB (f); and hence 
they pass through a common, point,, as V. 
Tlius we Iiave Brianchon's theorem, viz. ; 
The Unes joining fii& opponle anffles of a dr- 
ewmseribed heuMgon jjass Ihivugh a common 
point. 

t013. — The three following theorems are of frequent use in ap- 
plying the theory of reciprocation. 

/ 1014. Theo. — Tlie angle included by two 

straight Unes is equal to the angle included by the 
lines joining their poles to the centre of the auxiliary 
circle. 

Dbm.— The pole of a line being in tlie perpendicular ttom 
the centre of the auxiliary circle upon the line (1000), C is 
the supplement of O ; hence o = 0, 





1015. Theo.—The distances of any tioo points from the centre 
of the mtxiliary circle are to each other as tlie 
distances of each point from the polar of the 
other. 

; the points, and TV, T'V their 




?,?■!: 



Dem. 
poiara respectively, w 

CP :CP';: PD"; P'D'". 

By ( ) R" = CP >; CD = CP' X CD', R being 

the radius of the auxiliary circle. Wht-nce 
CP : CP' " CD' : CD. But CP : CP' - CF ; CE (?). and 
there follows CF : C^; : CD' : CD, CD' - CP (^ P'D"') 

: CD-CP{=PD"):-CF:CE::CP:CP'. 



Sen.— This is known as Salmon's TJieoret 
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1016- Theo. — The anharmonic ratio of four 
line is equal to that of the pencil formed by the 
four polars of these jtoints. 



Dem. — 1st The pillars pass through acommon point 
and tliu3 form a pencil (f). 3d, The angles included 
by the lines jiiiuing the four points with tlie centre, and 
tliose included by the polara arc equal (?), hence the 
two pencils have the same anliarmonic ratio. 



straight 




SECTION VIII. 

RADICAL AXES AND CENTRES OF SIMILITUDE OF CIRCLES. 

1017. Ti^^.— The Power o/a_Poto(inthe plane of a circle 
is the rectangle of the distances from the point to the intersections of 
the circumference by a line passing through the 
point. 

Ilii. — Thus, the poiner of n pdnt P, without the 
is PA X PB ;— the power of & point within, as P', is 
P'A' X P'B' ; the power of a point in the circumfei'enre 
is zero, since one of tlie distant«s is then ; — the power 
of the centre is the square of the radius. 




1018. Co-B..— The power of a given point with respect to a given 
circle is a constant quantity. 

Thus PA X PB = the square of the tangent from P to tiie circle, in whatever 
position PB lies, so locg as it passes through P. So also P'A' x P'B' — tiie 
rectangle of the segments of any other choi-d passing tlirougli P'. 



10 19. D-EV.—The Radical Axis of Tioo Circles is tlie locus 
of the point whose powers with respect to the two circles are eqnal. 
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1020. J'rop. — T/te Uadical Axis of two circles is a right line. 




Dem,— Join the centi'ts of ih? two circles 0, 0', anil take a point R on this 
iincsiich tliatOR^ - 0'"r' = or* - OT^'. orOR'— Of = B^' - 0T'°, and 
w-ect PR i>erpendicii)ar to 00'. Tlicn P beiag any point in tliis perpendicular, 
OP —OR =0'P^T-0'R^ Adding this to the piecediug equation, we have 
op" - or' = 0^P° - 0T'^ or Pf = Fr'^ .-. PT = PT'. FT and FT' being 
langpHta to tUe circles fitiia any point in PR. Hence PV 13 tte jadical axis of 

the two circles. 

1021. CoE, — mien the circles do not intersect, the Radical Axis 
lies letween them, touching neitlter; when they are tangent, eitlier 
externally or inter-tially, the radical axis is the common tangent; 
when they cut each other, the axis of the common cord produced. 



seem that the above de- 
chord. But, the powera 
the intersections the powem 



1022. ScH.— When the circles mtei'sect it 
monstration fails lor points within, as In the 
of any imiut in this chord are still equaL Thus, 

are zftro ; and at any other point in the chord, asa, a6J<ac = («2x ae, since 
eat h is equal V3 00 x o». 

1033. CoE. — There is an infinite number of circles having 
their centres in the same right line, which Imve the same radical axis 
as any two given circles. 

Thus, in tlie first figure, FV being the radical axis of the circles 0, 0', letting 
circle remain fixed, O' may vary indefinitely so that O'R — Q'T' 1 
staat, and equal to 0R° — OT^. 



1024- IPvob. — Given tioo circles, to drazu their radical axis. 

Solution. — In any case, draw a common tangent, bisect it, and through the 
point of bisection draw a line perpendicular to the line Joining the centres. 
When tiie circles are fatigeiii to each other, the distance between the points of 
tangency is O ; hence the perpendicular is erected at this point. Wheo tJiey 
ct, produce the common chord, or use the flrat method. 
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1023. "Prop- — When two circles cut each other ori]iogonally,tliat 
is, at right angles, the square of the radius of either is equal to the 
power of its centre with re»pect to the other. 



Dbm.— The power of with respect to circle O' ia 
Ok X On = OP , and of 0' with respect to circle 0, 
O'b X O'm = O'P'' ; since, as the circles cut each other 
orthogonally, their tangents are at right angles, and the 
tangent to either jiasses tliroiigh ttie centre of the 




1026. Frop-—T]ie radical axes of a system of three circles 
whose centres are not in the same straight line, intersect at a common 
point. 

Dkm,— Since 0, O', 0" are not 
in a, atraisht line, the radical axes 
of O, 0',^and O. O", as PV" and 
PV intellect. Let P be their 
common point. Now tlie power 
of P with i'esj)ect to O' is equal 
toils power with respect to 0", 
since each is equal lo its power 
■with respect to 0. Hence P is a 
point in the radical axis of O', O", 

1027. Cor, — If the centres are in the same straight line, their 
radical axes are parallel, and the common point is at infinity. 

1028. Def. — The intersection of the radical axes of three circles 
is called their Hadical Centre- 




CENTRES OF SIMILITUDE. 
1020. Dee. — If the line joining the centres of two circles ha 
divided externally, as at C, 
and internally, as at c, 
in the ratio of the radii, 
these points are respectively 
the External and the In- 
ternal Centres of Sim- 
ilitude of the two cir- 
cles. 



III.— If CO ■ CO' : : EO : E'O', C 




CO : CO' : : ED ■ E'O', C is the internal centre of aimlUtude. 



lemal centre of similitude; and, if 
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